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Maths and Science & Technology

roficiency in Mathematics is always considered to be important in
Pengineering. One does not know where suddenly one finds the need
of mathematics till one is pushed to a corner. Earlier, students of agriculture
were not very much bothered about mathematics. Yet there is no research
without application of mathematics in one form or another.

How does one know whether a particular treatment is useful to get better
cotton, jute, silk or even artificial fibres? First we have to know what is a
good cotton. One studies all the physical properties such as fibre-length,
strength, ability to form strong threads and so on. Changes due to various
treatments have to be significant statistically.

The minimum number of experiments that are needed to determine a
particular property — even energy levels of atoms, the wavelengths of the
various lines of spectra, the calculation of energy levels are all determined
by statistics. To determine the structure of molecules or crystals, group
theory is the main tool. There are no hard-bound barriers dividing any
two branches in science. To study in a systematic manner, we divide it
into Maths, Physics, Chemistry, Agriculture or Industrial research. "Science
is a single field".

Anil Ahlawat
Editor

MATHEMATICS TODAY 4

wishes all readers a very

(.,f Qﬁ;}?ﬂ? Now C}‘QH?‘

v

Subscribe online at WWwW.mtg.in

Individual Subscription Rates Combined Subscription Rates

1yr. 2yrs. 3yrs. 1yr. 2yrs. 3yrs.
Mathematics Today 300 500 675 PCM 800 1200 1700
Chemistry Today 300 500 B75 PCB 800 1200 1700
Physics For You 300 500 675 PCME 900 1500 2100
Eiology Today 300 500 B75

Send D.D/M.O in favour of MTG Learning Media (P) Ltd.

Payments should be made directly to : MTG Learning Media (P) Ltd,
Plot No. 99, Sector 44 Institutional Area, Gurgaon - 122003 (Haryana)
We have not appointed any subscription agent.

MATHEMATICS TODAY | JANUARY "15 T



BNV EIMUSING

aths Musing was started in January 2003 issue of Mathematics Today with the suggestion of Shri Mahabir Singh. The aim of

Maths Musing is to augment the chances of bright students seeking admission into IITs with additional study material.
During the last 10 years there have been several changes in JEE pattern. To suit these changes Maths Musing also adopted
the new pattern by changing the style of problems. Some of the Maths Musing problems have been adapted in JEE benefitting
thousand of our readers. It is heartening that we receive solutions of Maths Musing problems from all over India.
Maths Musing has been receiving tremendous response from candidates preparing for JEE and teachers coaching them. We
do hope that students will continue to use Maths Musing to boost up their ranks in JEE Main and Advanced.

Prof. Dr. Ramanaiah Gundala, Former Dean of Science and Humanities, Anna University, Chennai

OBLE
?RSiet 145 M

1. 0<x<y<2015. The number of pairs of integers
(x, ¥) such that A.M. of x and y exceeds their G.M.
by 2 is
(a) 42 (b) 43

(c) 44 (d) 41

2. 0 < x < y are integers such that£+l=L+
The number of pairs (x, y) is & - 20k
(a) 12 (b) 13 (c) 14 (d) 11

3. In a right angled triangle with integer sides, the
inradius is 2015. The number of such triangles is

(a) 24 (b) 25 (c) 26 (d) 27

4. Ifx+ 4y + 9z =305, 4x + 9y + 16z = 310,
9x + 16y + 25z = 880, then 16x + 25y + 36z =
(a) 2015 (b) 2016 (c) 2014 (d) 2010

- . . 2
5. 1If the quadratic equation x~ + ax + 6a = 0 has
only integer roots, then the number of values of a is

(a) 7 )8 () 9 (d) 10

2
Ix“+12x -1
6. If fix)= '
f( ) 37 —x,

(a) f(x) increases in [-1, 2]

(b) flx) is continuous in [-1, 3]
(c) f(x) does not exist at x = 2
(d) f(x) has maximum at x = 2

COMPREHENSION

Circles of radii 5, 5, 8 touch each other externally.

7. 'The radius of the circle which touches all the
three circles externally is

8 2
(b}% @ - @ -

5
() 3 9 3

8. 'The radius of the circle which touches all the
three circles internally is

40 41

(a) 13 (b) — (c) ? (d) 14

3

INTEGER MATCH

9. A fair coin is tossed 10 times. The probability that

- - m "
head never occur on consecutive tosses is —, in
1

lowest terms, where m is

MATCHING LIST

10. Match the following :

Column-1I | Column-II |
1 m
P, jcns_lxdx= . "
~1
1 2. 10
Q. I sin”! xdx
-1
1
3. | L
R. j xcos T xdx 1
| -1
: 4.
S. I xsin~ ! xdx
| -1
P Q R S
(a) 3 4 2 1
(b) 1 3 4 7l
(c) 2 1 o 4
(d) 4 2 1 3
see Solution set of Maths Musing 144 on page no. 29,

Prof. Ramanaiah is the author of MTG JEE(Main & Advanced) Mathematics series
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PRACTICE PAPER 2

JEE Main

Integral Calculus

. ‘ n , "
1. lim sm( : 2)+511‘1( 5—— ]+
H—yoe n-+1 n-+2

—l_ ! ( H ]
eee TSI =
n* +n®

/4 (d) m/6

(@) m (b) m/2 (c)

1
2. Let fbe defined by f(x)=sin [; ), x#0

=Lt.x=1
where ¢ € [-1, 1]. For which value of ¢ does there
exist an antiderivative of f ?

(a) -1/72 (b) 1/2 (c) O
m/2

j \/]—lcﬂs X
Ae (0,1)is
(a) increasing (b) decreasing

(c) increasing on (0, 1/2) and decreasing on (1/2, 1)
(d) increasing on (1/2, 1) and decreasing on (0, 1/2)

(d) -1

3. 'The function f(A)=

4. lim z{lﬂgk} —[—zlﬂgk} =
n—jes | B4y k=1
(a) 0 (b) 1 ) (d) 4

5. For positive a and b define,

1
B(a,b) = Ix“_l{l—x}b_ldx. For a € (0, 1),

0
e e |

Y
9 1+ y
(a) Bl(a,1 - a) (b) B(a, 1 + a)

(c) B(l—m%] (d) B(g,ﬂ)

dy =

6. Suppose, fis continuous on [a, b, f(a) =0 =f(b)

b
and jfz(x}dx =1. Then fo(x}f’{x}dx -

(a) 0 (b) 1/2 (c) -1/2 (d) 1

7. Suppose, f is continuous on [0, ¢] and strictly

increasing on [0, ¢] with f (0) = 0, then for any
f(x)

x€e [0, cl, j f()dt + j fH®dt =

(a) x (b) f(x)
(c) xf(x) ) x+ f(x)

8. 'The function fis twice differentiable on (0, <)
5

w1thf(5} =3, f’(5) = 2 and Jf{x )dx =5, then
j (x—=1)* f"(x)

[a} 15 (b) 18 (c) 20 (d) 0

2

x—1
9. For what value of a (> 1) j lng[ ]is

&2
minimum?
(a) 2 (b) 2.5 (c) 3 (d) 3.5
10. Let f satisfy the equation x = f (x) - e/ ™), then
| f(x)dx =
(a) 1 (b) e-1 (c) e+1 (d) 0

11. Call afunction g as alower-approximation for f

on the interval [a, b] if for all x € [a, b], f (x) = g(x).
2

The maximum possible value of j g(x)dx, where
1

By : ER Tapas Kr. Yogi, (BHUBANESWAR) Mob : 09778158718
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g(x) is a linear lower-approximation for f (x) = x* on
[1, 2] is

36 3.6 36

@ % ® == @ = @ 3V6
1

12. j(\f{x-1)3+1+x3”-(1-x}3f’3-~.ﬁ?’1—x3}dx=
0

(a) 1/2 (b) 1/3 (c) 1/4 (d) 1/5

13. Suppose f: R — R be a continuous function
which satisfies f (-5) = 8, f (0) = 2 and is even.

[f),  x<0 ? B
Let g{x}_{z}—f(x), x> u’then_{,g(x} e
(a) 0 (b) 10  (c) 20  (d) 40

14. Let D be the region in XY plane which is
bounded by the parabola y = 1 - x* and the x-axis.
For which +ve real no. ¢, does the parabola y = cx?
divides D into three smaller regions of equal area?

(a) 1 (b) 2 (c). 4 (d) 8
| 1
dt dt
15. + =
£ -5 £\/1+r4
(a) 1 (b) 2 © V2 (@ 2v2
16. f(x)=x, xe€[-1,1]

=x3, xe(1,2)
=x*+4,x€ [2,3)
(a) primitive of f for x € [-1, 1] is x°.

(b) primitive of f for x € (1, 2) is %xq.

3
X 77
(c) primitive of f for x € [2, 3) is ?+4x—E

(d) none of these

17. Letf(x)=1,x¢€ (0, 1]

=0,x€ (1,2]
(a) primitive of f (x) for x € (0, 1] is x + ¢,.
(b) primitive of f (x) for x € (1, 2] is 1 + ¢,.
(c) primitive of f (x) for x € (1, 2] is c,.
(d) no primitive of f (x) is possible.

18. Given J Ml gy = 1, then constant k =

—S

(a) 1 (b) -1 (c) 2 (d) -2

| I 1/n
19. lim =
H—eee | H

(a) 1 (b) 2 (c) 1/2

20. Forevery 0 € (0, m], we have

(d) 4

)
(a) J\/l+»::~::1rs2 tdt > \/ﬂz +sin’ 0
0

5
(b) J\/]+cﬂsl tdt =\ +sin® 0
0

5
(c) J.\X]+c'::ns1 tdt < \/El2 +sin® @
0

5
@ [V1+cos? tdt:%\jBEJrsian}
)]

21. Let n = 1 be an integer. The real number

a € (0, 1) that minimizes the integral
1
I(a)zﬂx" —a" |dxisa =
0
(a) 1/2 (b) 1/3 (c) 1/4 (d) 2/3
/2 2 I
22, I,= j cos® 0do, I, = j cos® 0d0, then —L =
0 0 I
(a) 7/8 (b) 8/7 (c) 8/9 (d) 9/8

23. In the diagram I(AB) = [, I(AC) = L, I(BP) = x

l
and I(BC) = I, then | (cos 6 )dx =
0

A
I !
B
B~ x p C
(a) L +1, by L -1
(c) 2L +1, (d) 21 -1,
24, y(x) satishies the differential equation
j—y:ylc}gy+yﬂx+ If y(0) = 1, then y(1) =
X

@ ¢ () et () e () Ve

. 2
25. [((e-1)\flog(1+ex—x)+e* )dx=

0
(a) 1 (b) e (c) 1+e (d) e-1

MATHEMATICS TODAY | JANUARY 15 11



26. Let I= sfj V1+<0s® 49 1£6 € (0, m) and
7—8cosH
ta.nf—i then x =
\[51
(a) m/3 (b) 2m/3 (c) m/6 (d) m/2
/2
J (sinl2 (sinx)+ cos® (cosx))dx =
0
(a) m/4 (b) /2 (c) m (d) 2n

28. The shortest possible length of an interval

[a, b]for which j dx=m is
1+x

(a) 2 (b) 242

©) 2v2+2 d) Eiz=2

29. Suppose fand g are differentiable functions on
R, satisfying f (0) = g(0) = f'(0) = ¢’(0) = 1 and
f7(x) g(x) = 4f (x) g(x) - f(x)g'(x)
g'(x) f(x) = 5f(x) g(x) - f(x) g(x).
If (1) = 1, then g(1) = ae® + be™3, where a =
(a) 5/6 (b) 2/3 (c) 6/5 (d) 3/2
30. Let f: R — R be a continuous non-constant
periodic function of period T and let F denote an
antiderivative of f. Let ¢: R — R be such that

T
F(x)= [lj f(t)dt]x+ %), thish
T 0

(a) g(x) is periodic with period = T.
(b) g(x) is periodic with period = 2T.
(c) g(x) is periodic with period = T/2.
(d) g(x) is not periodic.

SOLUTIONS

3
1. (c) :Inthe inequality 68— % <sin0 <0, replace

0 by , k=1ton.
n® +k
. |
" dx s
and use lim = =—
ﬂ—}wkz;;ﬂz—l—kz ‘E[l+:=r:2 4
2. (c) : Define
, 1) .7 1
F(x)=x"cos|— —EJtCﬂs ¥ qt: 220
X
0
=0, x=0

12 MATHEMATICS TODAY | JAMUARY "15

Then F(x) = f (x) for x € R Thus F is an antiderivative
of fin the case when ¢ = 0.

3 (@):For0=s) <A <1, x€e (0, 7/2)
—llcuszx > —}..EC{JSEI
1 1

<
Jl—?l.l cos® x \/l—lg cos” x

f (i) < flA,), increasing.
4. (b): Rewrite the term as

;E[‘” | *(aé‘“g( ]}

2
1 1
So, given limit = j{lag x)? dx — [Jlng xdx] =
0

S0,

Substitute x = % and b=1-ain B(a, b).
Y
b

6. (c): jxfx}f(x)dx——j

2[ —ﬂjfz{x)dx]=—%

7. (c}'Putu—f‘
f(x)
jf{r )dt + j o dr—jf t}dr+_[uf (u)du

= xf (x)
8. (b): Use integration by parts to get

5. (a):

x}}’dx

(t) and integrate by parts,

2 5
[ =12 f7(x)dx = (x -1)% f’{x)\l —2[(x-1) f"(x) dx
1

D
= lﬁf’{S}—Z(xml}f(x)E +2jf(x)dx
1

=32-24+10=18
9. (c) : Using Newton-Leibnitz formula,

2
I’(a):(ﬂ'l'” log(a—1)—log32
a

So, fora e (1, 3), I'(a) <0 and for a > 3. I'(a) > 0.
So, minimum at a = 3.

10. (b) : Note that f is inverse function of
gly) = ye¥ and f (e) = 1
1

e 1
Jf{x}dx=e—jg(y)dy=e—_[ye}'dy=e—1
0 0 0




11. (a) : Because g is linear, the area is actually a
trapezium, with area A = hm, where m is the length
of mid-line. For g(x) < f (x), x € [1, 2]

AR

: 36

dx<hm=——
So, !g(x}x m 1

12. (d) : Notice that J\/(I—U} +1-V1-x2dx =0
0

inverse functions and shifted.
|

So, given integral = sz

0
13. (c) : Define h(x) = g(x) - 2 and notice that h(x)
is odd.

1

5 5 2 5
So, [ gx)=[h(x)+2 = [ no)+ [ 2dx=20
=3 =5 -5 -5

1
14. (d): Area of D = ZI(I—xz)dx=§+
0

: 1
The two curves intersect at x> :1—. Hence
+c

4

((1—x cx” )dx = -x ivesc =8
2)—ex?) 33 B

LAt

J , put £ = sinB to simplify to
TR 1—tci

15. (c) : For

, put t* = tan(p/2) to

lmz
] s

. For J\/:

mi2

zfj\/ﬁ

16. (¢) : Any primitive of f is of the following

SlIl

simplify to

2
form, F[x}zx?+cl, xe[-1, 1]
4
X
=—+c,, xe(l,2)
4
3
.
:?+4x+r:3, x€(2,3)

L 1
For F to be continuous, —+¢; =E+c2 and
16 1 3
4 4 3

17. (d) : Any primitive of f is of the form
F(x)=x+¢;, xe€ [0,1]
=i s xe (1, 2]
So, F continuity gives 1 + ¢, = ¢,
So, F(x) =x+c¢,x€ [0,1] =1+c¢,x€ (1,2]
But this function is not differentiable.

18. (d): J ek gy = ZJ- e dx = lim (Eekx—g)zl

X—oo .IE

(given)

—o0 0

So, k < Dandﬂ—izl = k=-2

19. (d) : Notice that
lim 2L = Jim @n+2) (1)
n—oo @,  n—>eo {{H_H)!)E (2n)!
_ i @ntD@n+2) vehetea =G,
n—ee  (n+1)*
and lim :1”” =4
H—yoo

20. (a) : Notice that j\/l +cos® tdt is the arc length
of the curve y = sing from (0, 0) to (0, sinO) and

\/ 0% +sin® 0 is the normal distance between these
same points.

21. (a) : Since f (x) = x" is an increasing function
on [0, 1].

1 i 1
I(H)IJ.|IH —a" |dx =J{a” —x”}dx+J{x” —a")dx

_ 2n W
(n+1)
Now, al(a)) =0 gives a=—
da 7]
m/2
k)i l= j cos® l"f:l[l—&_;i:l;l2 0)do
0
/2 n/2
=] - J cos® 0sin” 040 and J cos® Osin” 046
0

can be evaluated by putting cos’0 = t.
Contd. on Page No. 16
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MOCK TEST PAPER 2Q1 .
JEE main

1. Ifay,a, a, ..., 4, are terms of an A.P. such

1
< EE, =10

2400044001
and a, + a,,,, = 50, then |a, - a,,,,| is equal to

(a) 20 (b) 30 (c) 40 (d) 10

2. From a point P, perpendicular tangents PQ
and PR are drawn to ellipse x* + 4y* = 4. Locus of
circumcentre of triangle PQR is

1
that +
aydy

dydy

(a) x? +y2 =§{x2 +4yl}r2
(b) x*+y? =%{x2 +4y%)?

(c) x? +4}*2 =§{x2 +;ul}2

X
3. Let F(x)= sinxjcnsthZJt dt +cos® x —x°.

0 ()
Then area bounded by xF(x) and ordinate x = 0 and

x = 5 with x-axis is

25 35
b T =
(b) 3 (c) :
4. Leta function f(x) be such that f”(x) = f"(x) + &*

(f(2))*
4

(a) 16 (d) 25

and f(0) =0, f(0) = 1, then ln{ ] is equal to

(a) % ®1 ©2 (4

5. [If the line y = x + 2 does not intersect any
member of family of parabolas y* = ax, (a € R") at
two distinct points, then maximum value of latus
rectum of parabola is
(a) 4 (b) 8

(c) 16 (d) 32

* ALOK KUMAR, B.Tech, IIT Kanpur

6. Equation of circle inscribed in |x - a| + [y - b| = 1 is
a) (x+a)l+(y+b)?=2

) (x-a)+(y-bP=1/2

() (x-a)*+(y-b?= 112

(d) (x-a)y+(y-b)y=1

7. The number of terms in (a, + a, + a, + a,)* is
(a) 64 (b) 81 (c) 30 (d) 20

8. The number of functions f from the set
A={0,1,2}intotheset B=1{0,1, 2, 3,4, 5, 6, 7} such
that (i) <f(j) fori<jandije Ais

(a) 8C, (b) 8C, + 2(°C,)

I:C} lﬂlc3 {d} l'III'.‘:4

9. Eight straight lines are drawn in the plane such
that no two lines are parallel and no three lines are
concurrent. The number of parts into which these
lines divide the plane is
(a) 29 (b) 32

(c) 36 (d) 37

H
10. If 2.4, =0 where |d;|=1Vi, then the value

=1
of z Z g. .51_'1- is

1<i< j<=n
(a) —g b) -n  (c) g (d) n

11. If the system of linear equations x + y + z = 6,
x+2y+3z=14and 2x + 5y + Az=, (A, 4 € R) has
no solution, then

(a) A#38 (b) A =8, pu#36

(c) A=8, =36 (d) None of these

12. A man starts from the point P(3, -3) and
reaches the point Q(0, 2) after touching the line

2x + y =7 at R. The least value of PR + RQ is

@) 5v2 () 32 (© 72 (@) 22

* Alok Kumar is a winner of INDIAN NATIONAL MATHEMATICS OLYMPIAD (INMO-91).
He trains IIT and Olympiad aspirants.
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13. A hyperbola passing through origin has
3x -4y -1=0and 4x - 3y - 6 = 0 as its asymptotes.
Then the equation of its transverse axis is

(a) x-y-5=0 (b) x+y+1=0

() x+y-5=0 (d) x-y-1=0
+ 1

14. Let f(xz’vJ:E(f{:fo(}’}} for real x and

y. If f’(x) exists and equals to -1 and f(0) = 1, then

the value of f(2) is

@1 -1 © 5 @2
1
15. lim (n1)” equals
H—yeo M
(a) e (b) e! (c) e (d) e?

16. If |tan A| <1 and |A| is acute, then

V1+sin2A ++/1-sin2A |

is equal to
J1+sin24 —/1-sin2A
(a) tanA (b) -tanA (c¢) cotA (d) -cotA
17. In AABC, orthocentre is (6,10), circumcentre
is (2, 3) and equation of side BC is 2x + y = 17.

Then the radius of the circumcircle of AABC is
(a) 4 (b) 5 (c) 7 (d) 3

18. The inclination to the major axis of the

diameter of an ellipse, the square of whose length
is the harmonic mean between the squares of the
major and minor axes is

T L8 2T T

i B = ki qy =
(a) i (b) 3 (c) : (d) 5

1+ I..I'II .
19. The value of lim[ %) ; is
x=30) X

e e 3e 2e

5 I e i s
(a) : (b) > (c) > (d) :

dx

: T
sSiny X — COS X
[ 3 )
: ; n
sinx +sInj x——
3
y T
SIlN| X — g SCCX

, then I equals

20. IfI=J

(a) 2log +C

(b) 2log +C

(c) 2log +C

. . :rr)
SINXxX—S8in| x ——
3

(d) None of these

BhLet A Ao Aoy A
elements and B, B

40 are 40 sets each with 7

5 .- B, are n sets each with 7

40) !
elements. If U A= U B; =35 and each element of
=1 j=l

§ belongs to exactly ten of A;'s and exactly 9 of Bj's,
then »n equals
(a) 42 (b) 35 (c) 28 (d) 36

22. If x, y, z are distinct positive numbers, then
xiny - Inz +},lnf -lnx 4 Snx-lny o

(a) (0,09 (b) (1,9 (c) (3,20) (d) (1,3)
2 2

23. Let PQ be a chord of the ellipse Iz + yz =1,
a b

which subtends an angle of m/2 radians at the

centre. If L is the foot of perpendicular from (0, 0)

to PQ, then

(a) locus of L is an ellipse

(b) locus of L is circle concentric with given
ellipse

(c) locus of L is a hyperbola concentric with given
ellipse

(d) a square concentric with given ellipse

24. A natural number is selected from 1 to 100
so that the probability, if it satisfies the number

x% —60x +800
x—-30
(a) 7/25 (b) 4/25 (c) 2/25 (d) 8/25

25. The digit at unit place in the number
1?1995 3 ]]'I"-}"-}E g ?1995 is

(a) 0 (b) 1 (e 2 (d) 3

26. The range of values of the term independent
10

cos” ! 1:::}

X

< 15

of x in the expansion of [Isin_l o+

oae [-1,1] is

(10~ 10 10~ 20
(a) 5 5
25 T 420
:m 210 2
(b) C;n™ —Cym
_ 520 520
(c) [1,2] (d) (1,2)
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27. Area of trapezium whose vertices lie on the
parabola y* = 4x and its diagonals pass through
(1, 0) and having length 25/4 units each , is

75 625

(a) — sqg.units (b) —— sq. units
1 16 i
5 . 25 :
(c) ) sq. units (d) 5 $q. units

28. If the sum of the slopes of the normal from
point ‘P’ to the hyperbola xy = ¢? is equal to
MM € RY), then locus of point ‘P’ is

(a) x2=Ac? (b) y*=Ac?

(c) xy=Ac? (d) none of these

29. The differential equation of all straight
lines which are at a constant distance p° from the
origin is

dy dl}’
— = e
(a) y—x p [ 2]

PRACTICEPAPER 2(DQ 15

Contd. from Page No. 13

23. (b): Let I(AP) = y, using cosine formula in both
the small triangles,

[? = (I - x)* + y* + 2(I - x)y cosB and

[Z = x* + y* - 2xycosO
Eliminating cos® from these two equations

-1 +2Ix-1°
yzzflz—xz—l—[ =l a ]:.s:

[

Doing Q amounts to d—yzc-:}s&

dx
24. (a) : Put y = " to convert the given differential
equation into a linear differential equation.
25. (b) : Transform the integral

1 e

J[e —I)Jlﬂg{l +ex—x)dx to L,’lng ydy which
0 1
is inverse of y = e’

26. (b): First put t = 2y and then z = siny.

T2
27. (b): I= j (sin?(sin x) + cos> (cos x))dx ...(i)
0
/2
I= j (sin’(cos x) + cos (sin x))dx kil
0
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k- (b) (b) % (b) &£ (d) 5 (b)
i (b) 38 (d)} W (c) B {d) B (a)
11. (b) 12. (a) 13. (¢) 14.(b) 15. (b)
I (c) X2 (b)) 18 {a) 19:.(b) 20 (b)
2h:(d) X:-{c) 2h:-(b) 2(a) 25 (b
B (b) T¥ (a) Th {a) Tic)
HE
Adding (i) and (ii), we get
/2
2I= [ (1+1dx. So, I = m/2
0
28. (d): tan" ' b—tan"' a :E
Simplifying, E?:H—H
l1-a 5
So, length of interval I = b - a = 11+H
—a

dl
Using, T 0 gives a = 1-+/2 suitably

29. (a) : Adding the two equations, give
f7(x) glx) + 2f () g(x) + §'(x) f(x) =9 f(x)

g(x)
Define h(x) = f (x) g(x), then the above equation

becomes h"(x)=9h(x)
30. (a) : Notice that F(x + T) - F(x)

T
= | f(t)dt = h(x+T)—h(x),
0

T
where h(x)= [;Jﬂf}dt]x
0

So, g(x) =F(x) -h(x) =Fx+T) - h(x + T)

is periodic with period = T. am



ENRICH YOUR CONCEPTS ON

Statistics & Probability

Based on NCERT Pattern

DEFINITION

A type of mathematical analysis involving the
use of quantified representation, models and
summaries for a given set of empirical data or real
world observations. Statistical analysis involves the
process of collecting and analyzing data and then
summarizing the data into a numerical form.

MEASURES OF CENTRAL TENDENCY

It is a measure that tells us where the middle of
a bunch of data lies. The three most common
measures of central tendency are mean, median
and mode.

MEASURES OF DISPERSION

It is possible to have two very different data sets
with the same means and medians. For that reason,
measures of the middle are useful but limited.
So, dispersion or variability is a very important
attribute of a data set. It measures the degree of
scatteredness of the observations in a distribution
around the central value.

The various measures of dispersion are

(a) Range (b) Quartile Deviation
(c) Mean Deviation (d) Standard Deviation
RANGE

It is the difference between two extreme values
i.e., Range = Maximum value - Minimum value.

MEAN DEVIATION
The mean deviation from a central value ‘a’ is given by,
M.D. (a)

B Sum of absolute values of deviations from a

Number of observations

1. Mean deviation for ungrouped data
Let x;, x5, ....., X,, be n observations, then

1 H
;Eﬂx:‘ =X
3=]

About mean, x

1 H
About median, M —2|x5—Ml
n.
=1

2. Mean deviation for grouped data

(i) Fordiscrete frequency distribution : Let x;, x,,
..., X be a set of n observations occurring with
frequencies fi, f2, ......, f, respectively, then

'S
— ¥ ix—X%|
N3

About mean, x

About Median, M

ﬁgﬁl*’ff—m"

H
where, N =Y f; =Sum of frequencies.
i=1
(ii) For continuous frequency distribution: Here
x; are the mid-points of the classes.

_ 1 ¢ "
About mean, x EZ}’! |x;, - x|
i=]
]_ M
About Median, M ~ Efi | x; — M |
i=1

Shortcut method for calculating mean deviation

H
fid;

el x h, where ‘A’
N

II-—A
T

e About mean, x=A+

is the assumed mean and d; =

MATHEMATICS TODAY I JANUARY 15 17



F
M.D.(X)= iEﬁ |x; — x|
1=1

N
— =i

e About median, M =]+ zf X h

where median class is the class interval whose
cumulative frequency is just greater than or
equal to E, N is sum of frequencies, [, f, h
and C arra2 respectively the lower limit, the
frequency, the width of the median class and
the cumulative frequency of the class just

preceding the median class.
1 [y

M.D.(M) :Esz x; — M|
o

VARIANCE
The mean of the squares of the deviations from

mean is called the variance and is denoted by &2.

For ungrouped data g*=— (x; — x)°
" izl
H
For grouped data 5% = %zﬁ{xi —x)?

STANDARD DEVIATION

The proper measure of dispersion about the mean of
a set of observations is expressed as positive square
root of the variance, called standard deviation and

is denoted by o.

For 1 & ;
ungrouped | O= 7 > (x;-%)
data =
For a Lo

: _a
discrete G= Efo{If i)
frequency i=1
distribution
For 3
continuous 1 z 9 £

o=—NY fx2=|Y fx,

frequency N Efl ‘ {E‘f‘ ’ ]
distribution
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Shortcut Method for finding standard deviation

h i 5 M 2
5=§ NEM - sz}"r' :
=1 =1
x;—A
where y; = » A = assumed mean, h = width

of class intervals.

COEFFICIENT OF VARIATION

e The measure of variability which is independent
of units, is called coefficient of variation and

usually denoted by C.V.

4] =
C.V.=—x100, x #0,
X

where 0 = standard deviation, X = mean.

¢ Comparing the variability or dispersion of two
series, we calculate the coefficient of variance
for each series. The series having greater C.V. is
said to be more variable than the other.

The series having lesser C.V. is said to be more
consistent than the other.

e For two series with equal means, the series
with greater standard deviation (or variance)
is called more variable or dispersed than the
other. Also, the series with lesser value of
standard deviation (or variance) is said to be
more consistent than the other.

e Variance of two groups of observations taken
together

Let us consider two groups of variates
containing n; and n, items with respective
means X;and X,. Let the standard deviations
for the two groups be o, and o, respectively.
Let o be the standard deviation of n; + n, items
taken together and x be the mean of two groups
taken together, then

E=”1I1+”2'x2
ﬂl+”2
1
o’ = [HIG% +H2G§
Hy +H
1 T
1 s . 73
112
"'—(xr—xz)
{ﬂl+n3}



PROBABILITY

DEFINITION

A measure of uncertainty or estimation of
occurrence of an event is called probability.
Probabilities are given a value between 0 (0% chance
or event will not happen) and 1 (100% chance or
event will happen).

TERMS USED IN PROBABILITY

]

Random Experiment : An experiment is said
to be random experiment if it has more than
one possible outcomes and it is not possible to
predict the outcome in advance.

Outcome : A possible result of a random

experiment is called its outcome.

Sample Space : The set of all possible outcomes
of an experiment is called sample space.

Sample Points : Elements of sample space are
called sample points.

ALGEBRA OF EVENTS

| Event ‘A or B’

I'uiutua_ll}r Exclusive
Events

Exhaustive Events

Mutually exclusive and
exhaustive events

Event ‘A and B’

Event ‘A but not B’

Impossible Event

Sure Events

Simple or
Elementary Event

Compound Event

Event : A subset of a sample space is called an
event.

Occurrence of an Event : An event associated
to a random experiment is said to occur if any
one of the elementary events associated to it is
an outcome.

TYPES OF EVENT

The empty set 0.
' The whole sample space.

If an event E has only one "
sample point of a sample
space.

If an event E has more than
one sample point.

Complementary Event = For every event A, complement of A is the event consisting of all sample space

outcomes that do not correspond to the occurrence of A. It is also called the event

‘not A" or § - A.

[f A and B are two events associated with a sample space, then ‘A U B’ is the event

‘either A or B or both. This event "A w B’ is called ‘A or B’.

_AUB:{m:[nEAurmEB}

If A and B are two events, then the set A N B denotes the event ‘A and B> A
NB={w:we Aand w € B}

A — Bis the set of all those elements which are in A but not in B. Therefore, the set

A - B may denote the event ‘A but not B’

A-B=ANPE

Two events A and B of a sample space S are said to be mutually exclusive if the
occurrence of any one of them excludes the occurrence of the other. Hence, A

| N B=0ie. Aand Bare disjoint sets.

Let E;, E; Es,.....E, be n events of a sample space S. If E; v E; w.....

M
sl P U E; =S, then E,, E,, ..., E, are called exhaustive events.

=1

n
[f E; M E;= ¢ fori#ji.e.,events E; and E; are pairwise disjoint andUE,- =S5,

i=1

then events E;, E,, ..., E, are called mutually exclusive and exhaustive events.
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VERY SHORT ANSWER TYPE ( 1 MARK)

1.

Find the range of the data, 35, 50, 48, 62, 27, 39,
43, 72, 56, 68.

If the S.D. of the items x;, x5, X3,
what is the S.D. of the data x; + a, x, + a, x3 + a, ..

ey IH + H?

A fair die is rolled once. Find the probability
that a number less than 7 shows up.

A book contains 100 pages. A page is chosen at
random. What is the probability that the sum of
the digits on the page is equal to 97

Three unbiased coins are tossed once. What is
the probability of getting atleast 1 head?

SHORT ANSWER TYPE ( 4 MARKS

6.

10.

20

Two cards are drawn at random from a pack of
52 cards. What is the probability that both the
cards are aces?

The mean and variance of the heights and
weights of the students of a class are given

below.
Height Weight
. Mean | 160 cm 50.4 kg
Variance | 116.64 cm? 17.64 kg*

Show that the weights are more variable than
heights.

Find the mean deviation about mean for the
following data.
X; 5 5 7 9 | 11| 13
fi | 6 | 8 | 15| 25| 8 | 4

A card is drawn at random from a well-shuffled
deck of 52 cards. Find the probability that it
being a spade or a king.

Find the mean deviation about the median for

the data given below.
45, 36, 50, 60, 53, 46, 51, 48, 72, 42

MATHEMATICS TODAY | JANUARY "15

LONG ANSWER TYPE ( 6 MARKS)

11.

12.

13.

14.

15.

Find the mean, variance and standard deviation
for the following data using short cut method.

x; 60 61 62 63 64 65 66 67 68
fil2 |1 [12]29]25 [12[10]4 |5

The following is the record of goals scored by
team A in football session.

Number of goalsscored 0 ' 1 2 | 3 4
Number of matches A ENERIE

For the team B, mean number of goals scored
per match was 2 with a standard deviation
1.25 goals. Find which team may be considered

more consistent,

Four persons are to be chosen at random from a
group of 3 men, 2 women and 4 children. Find
the probability of selecting

(i) 1 man, 1 woman and 2 children.

(ii) exactly 2 children.

(iii) exactly 2 women.

Five marbles are drawn from a bag which
contains 7 blue marbles and 4 black marbles.
What is the probability that

(i) all will be blue?

(ii) 3 will be blue and 2 black?

Calculate the mean and standard deviation for
the following table given the age distribution of
a group of people.

Age 20-30 | 30-40 41]-5{1‘5{1-6{]"611-?{1 Tﬂ-ﬂ{l‘ﬁﬂ-gﬂ
No. of 3 51 | |

122 | 141 | 130 51 2

PEIrs0I1S

SOLUTIONS

Range =72 - 27 = 45.

Remains unchanged.

Sample space S={1, 2, 3, 4, 5, 6,}.

Let E be the event that ‘the number less than 7

shows up, then E={1,2,3,4,5,6} =8
P(E)=P(5)=1

Sample space S = {1, 2, ....., 100}
n(S) =100



Let E be the event that “the sum of the digits on

the page is equal to 9”.

= E={9, 18, 27, 36, 45, 54, 63, 72, 81, 90}
n(E) =10

n(E) 10 1

n(S) 100 10

So, required probability =

Sample space S={HTT, THT, TTH, TTT, HHT,
HTH, THH, HHH)

n(S)=8
Let E = event of getting atleast 1 head. Then,
E={HTT, THT, TTH, HHT, HTH, THH, HHH]}.

niEl=1.

P(getting atleast 1 head) = L

n(S) 8

Let S be the sample space. Then,

1(S) = number of ways of selecting 2 cards out of 52
_52(: _{52}{51}

Let E = event that both the cards are aces.
Then,
n(E) = number of ways of drawing 2 aces out of 4

:4(:2 _ (4}{3} .
(2x1)
n(E) 6 1

P(getting 2 aces) = P(E) = (S) = 1326 = 221

For height, we have
Variance, o2 = 116.64 cm?

— S.D., 6=+v116.64 cm=10.8 cm
Also, mean = 160 cm

C.‘sffl — ( Bih % 100 ) = (M X mﬂJ: 6.75
mean 160

For weight, we have
Variance, 6° = 17.64 kg’

= S.D, 6=+17.64kg=4.2 kg
And, mean = 50.4 kg

S.D. 4.2
C.V.E :[ xlﬂﬂ]z (—:-{]-:]D]: 8.33
mean 50.4 :

Clearly, (C.V. of weights) > (C.V. of heights).
Hence, weights are more variable than heights.

8. We prepare the table given below

10.

4 Ji fii |, =% | fi|x—%]|
A R T
5 ‘ 8 0 3 24
7 | 15 | 105 | 1 | 15
9 \ 25 | 225 1 | 25
11 | 8 88 3 24
13 | 4 52 5 20
Total | 66 | 528 | - | 138
G
2. fix 528
x=El__=""=-3g
N 66
6
2ff|x;'_f| 38
M.D.(x) == =" =209
N 66

Let S be the sample space. Then, #n(S) = 52

Let E; = event of getting a spade,

and E, = event of getting a king.

Then, E; N E; = event of getting a king of spade.
Clearly, n(E;) = 13, n(E;) =4 and n(E; N E;) = 1

P(E J:H[EE}:I?I_l

YUws) 52 4

_'."I'[:Ez}_ 4 1

PiEy)= n(S) 52 13
n(E,NE,) 1

n(S) 52

P(getting a spade or a king) = P(E, or E,)
= P(E; U E;) =P(E;) + P(E;) - P(E\N Ey)

_(1+1 1]_15_4
4 43 52.) 52 13

Arranging the given data in ascending order,

we get

36, 42, 45, 46, 48, 50, 51, 53, 60, 72

Here n = 10, which is even.
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Median (

e th
M)=— [—} observation
2.1%:2

th
1
+ (E +1 ) ﬂbsewatinn}

1
= M= E(Sth observation + 6" observation)
= M:l(zls +5{}):%

2 2

49

The values of (x; - M) are
-13,-7,-4,-3,-1,1,2,4,11, 23

10
Y x;-M| =(13+7+4+3+1+1+2

i=1 +4+11+23)=69

M.D.(M) ==L =00
1 10

11. Let the assumed mean be A = 64.

=6.9

Then, we prepare the table given below.

x; | fi di=(x;-64) d | fdi | fd/
60 | 2| -4 |16|-8] 32|
61 | 1 | -3 9 |-3]| 9
62 | 12| -2 4  -24 | 48
63 | 29 1 1 -29 29
64=A 25 0 0|0 | 0|
65 | 12 1 1 | 12 | 12
66 | 10 2 4 20 | 40
67 | 4 3 9 12 36
| 68 | 5 4 | 16 | 20 | 80 |
Total | 100 | | 0 | 286
 N=Y f=100,Y fid;=0andy fid; =286
Mean = 4+ 22/i% =[54+i]=ﬁ4
N U 100
2 2
Variance, 6° = Zﬁdi -[zﬁde
N N
:286_( 0 )2:2_36
100 \100

-, Standard deviation, g =+/2.86 =1.69
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12.

13.

In order to determine the consistency of teams,
we will have to find the coefhicients of variations
of two teams.

Computation of mean and standard deviation

of goals scored by team A.

Xi | fi fixi i .

0 1 0 0

l 9 9 9

2 7 14 28

3 5 15 45

4 3 12 48
Total | 25 | 50 130

N=Y £,=25% fx;=50and y fx;=130

_ 0
xﬂzﬁ{ZﬁxE‘}zizz
A
and Gi—[;zﬁxf{;riﬁx:} ]

| 2
:ﬂ_(ﬂ) =52-4=12
25 \25

= 0,4 =+1.2=1.095

[t is given that Xz =2 and o5 =1.25

Now,

Coefhicient of variation of goals scored by team A
c 1.095
=—4 %100=—"""x100="54.75
XA 2
Coefhcient of variation of goals scored by team B
Op 1.25
=8 %100=""=x100=62.50
Xp 2
We observe that, the coefhcient of variation

of goals scored by team A is lesser than that of

team B. Hence, team A 1s more consistent.

There are 9 persons i.e., 3 men, 2 women and 4
children. Out of these 9 persons, 4 persons can
be selected in C, = 126 ways.

Total number of elementary events = 126



(i) 1 man, 1 woman and 2 children can be
selected in °C; x 2C; x *C, = 36 ways.
Favourable number of elementary events = 36

, o 36 2
So, required probability = i

(ii) Exactly 2 children means 2 children and
2 persons from 3 men and 2 women. This
can be done in *C, x °C, = 60 ways.
Favourable number of elementary events = 60

60 10

126 21

So, required probability =

(iii) We have to select 4 persons of which 2 are
women and the remaining 2 are chosen
from 3 men and 4 children. This can be
done in 2C, x 7C, = 21 ways.

Favourable number of elementary events = 21

So, required probability — 2l &

126 6
14. There are 7 + 4 = 11 marbles in the bag out of

which 5 marbles can be drawn in ''C; ways.
Total number of elementary events = ' C;
(i) There are 7 blue marbles out of which 5
blue marbles can be drawn in ’Cs ways.
Favourable number of elementary
events = 'Cs

—

Fi
Hence, required probability = Cs
“C_E,
7!  5lg! 1
= 4 —
2151 111 22

(ii) 3 blue out of 7 blue marbles and 2 black
out of 4 black marbles can be drawn in
"C3 x *C, ways.
Favourable number of elementary events
=7C3 x *C,

Hence, required probability

?C3><4CE 7! 41 5l6! 5

= X X
“CS 34l 2121 111 11

15. Here A =55, h = 10.

Age | x; | f; “fzxil_ﬂﬁﬁg fivi | u?| fiv?
2030 25 | 3 3 | 9 |9 2
30-40| 35 | 51 | -2 102 | 4 | 204
40-50 45 | 122 = 22 |1 | 12
50-60| 55 | 141 0o | 0 0 0
60-70 65 | 130 L 130 | 1| 130
70-80| 75 | 51 | 2 | 102 | 4 | 204
090 85| 2 | 3 | 6 |9 18

Total| | 500 | 5 705

1
E=A+h[—zfj ufJ=55+1ﬂ(i)=55.1
N 500

1 1 3
2 _ 2 2
6" =h Ezfs f‘(;iﬁ'“f]

2
00| 705 (5T | _ 14099
500 500 100

V14099 118.739

= O= =11.8739
10 10
T
Important Exam Dates EIE
~ JEE (Main-Offline) : 4”" April
» JEE (Main-Online) 10t - 11 April
> VITEEE gth - 19th Apyij
> WB JEE 18t - 19t April
> Kerala PET 20t - 215t Apri
> COMED K 10t May
» UPSEAT 16t May
> BVP (E) 17t May
» JEE Advanced 24t May
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(OJUNIOR MATHEMATICAL

LYMPIAD

1. Prove that for no integer n, n® + 3n> - 5n* -
1517 + 4n + 12n + 3 is a perfect square.

2. Two dice are thrown once simultaneously.
Let E be the event “Sum of numbers appearing on
the dice” What are the members of E? Can you
load these dice (not necessarily in the same way)
such that all members of E are equally likely? Give
justification.

3. Let sinx + siny = a and cosx + cosy = b, show

that tan = and tan 2 are two roots of the equation:
2 2

(a2 + b2+ 2b)t2 - dat + (@®* + b* - 2b) =0
4. In a triangle ABC, angle A is twice the angle

B. Show that a® = b (b + ¢), where a, b and ¢ are the
sides opposite to angle A, B and C respectively.

5. A, B, C, Dare four points on a circle with radius
R such that AC is perpendicular to BD and meets
BD at E. Prove that : EA + EB*> + EC* + ED* = 4R%.

6. SupposeA A A, ... A, isan n-sided regular
polygon such that

1 _ 11
Ady  AAy AAy
sides of the polygon.

. Determine the number of

7. Find all positive integers a, b for which the

V2 ++Ja

number is a rational number.
J3+b

8. [Ita, b, care positive real numbers, prove that :

\4"H+E?+E+'\./E+\J'IH+E}'+E

b+c c+a

+¢a+b+c+J€} 9+3J§
a+b " 2Ja+b+c

9. Find integers a and b such that x* - x -1 divides
ax'’ + bx'®+1=0.

10. Consider the equation x* — 18x> + kx? + 174x
- 2015 = 0. If the product of two of the four roots of
the equation is -31, find the value of k.

SOLUTIONS

1. Casel: When n is even number = n = 2k for

somek € I.

Now, n® + 3n° - 151° + 4n* + 12n + 3 becomes
64k® + 96k> — 80k* — 120k> + 16k* + 24k + 3

= 4(A) + 3, where A € I.

Now an odd perfect square is always of the form

4h + 1 (v 2m + 1)2 = 4(m? + m) + 1), where

me I

The given expression can’t be perfect square for

any even integer.

Case 2 : When n is odd number = n=2k"+ 1

for some k" € I.

Now, n® + 3n° - 5n* = 151 + 4n® + 12n + 3

becomes (2k" + 1)® + 3(2k" + 1)° - 5(2k" + 1)* -

152" + 1)° + 42K + 1)2 + 12(2k" + 1) + 3

Now, (2k" + 1) = (12k" + 1) (mod 4) = 1(mod 4)

32K + 1)° = (30K + 3) (mod 4) = (2K + 3) (mod 4)

5(2k" + 1)* = (40k” + 5) (mod 4) =1 (mod 4)

Whizdom Educare, 50-C, Kalu Sarai, Sarvapriya Vihar, New Delhi-16
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15(2K" + 1)* = (90K + 15) (mod 4) = (2K" + 3) (mod 4)
4 (2k" + 1) =0 (mod 4)

12 (2K" + 1) = 0 (mod 4)

or, n®+3m’ -5nt-15n3+4n2+12n+3=(1
+2k"+3+1+2k'+3 + 3) (mod 4)

=(4 (k" +2)+3) (mod 4)

We have n®+ 3n° — 5n* — 1503 + 4n® + 12n + 3
= 4X" + 3 (where A’ € N)

Again the expression is not a perfect square for
all odd integers.

Consequently, the expression is not a perfect

square for any integer.

2. Twonormaldiceare thrown, possible outcomes

dlI'c

{(1,1),(1,2),(1,3),......,(1,6), |
(2,1),(2,2),(2,3),......,(2,6),

(3,1),(3,2),(3,3),.......,(3,6), > total 36 outcomes
(ﬁ 1),(6,2) {ﬁ 3) [ﬁ,ﬁ}}_
Now, E = sum of numbers on dice faces.
=1{2,3,4, ..., 12}
n(E) =11.

Loading the dice means tampering with the
number on the faces of dice so that one result
is favoured or dismayed over other.

For a normal throw

-1
B 2<n<7

RSN ?Eﬁ 1)

nek L A
36

[f all members of E are equally likely, then,

P(n) = i for some k € N.

VnekE
Also, outcomes of E are mutually exclusive and

mutually exhaustive. So,

Y P(n) =1= xS =1 = 11x k=136
VneE 36

Now, k can’t be a natural number
= such loading is not possible.

3. sinx+siny=a

+ SR
= Zsin[x ’v]cﬂs(x }"]:ﬂ sy
2 2
cosx + cosy = b
— Es:ﬂs(Ier)ms(x_yJ:b
2 2

Y

X :
to prove tan— and tan = are roots of the equation
2 2

sl

(a® + b* + 2b)t% - dat + (a* + b* - 2b) =0
Let the roots of the equation be o and B.

4
Sum of roots o+ = > i; and product of
a~ +b" +2b
3 gD
nE Dﬂﬁzﬂ +b" —2b
2,32
a”+b"+2b

2 2

x + sin’y + 2sinx siny + cos®x
+ cos?y + 2¢osx cosy.
= 2 (1 + sinx siny + cosx cosy)

=2(1+cos(x-y))=4 cnsz(%)

T

Now, a® + b? = sin

Clearly, a®? + b* + 2b =

o35
Lt

:49:33( ( D s (A1)
and a% + b? -
:4cus(x_y]|:cns(x_yJ—cns[x+y)]
2 2 2
X=Y | XN Y ,
=4cos 2sin| — —
cu[ 5 ][ blﬂ(z)ﬂﬂ(z}] . (1v)
da
Now, sum of roots =
a® +b* +2b
4x251n(x+yJ
2 ¥ X
= =tan—+4tan—
Ssinisin[z] 2 2
2 2
I T
& product of roots = il e = tan>.tan 2
a’ +b* +2b
Thus, roots are tan(f]and tan [l]
s i
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4. In AABC, ZA is twice the ZB.
Let ZA = 2x, so £ZB = x.
=% A=W -3x

By sine law, we have
a b C

sin2x  sinx sin(m—3x) g

a b C
:‘ - = . = P
2sinxcosx sinx sin3x
a b C
— : — : =
2sinxcosx sInX  ginx(3— 451113 x)
a C _
— =bh= > sinx#0as x #nm
2cosx dcos” x—1
a 2 IJIE
Now,wehavecosx=—=> cos” x= —
4b
C
: g+1
andécnsz x—lzg — t:tt:-s2 xX=|——
; ﬂl b+¢
On comparing, we get =
4h 4b

= a=b(b + ¢).

5. A, B, C and D are concyclic points with O as
centre of circle.
AC 1 BD and AC meets BD at E.

Construction : Extend BO to meet the circle at I’
In ADEC and AAERB
We have ZDEC = ZAEB = 90°

ZCDB = ZCAB
We have ADEC ~ AAEB (by AA similarity)
Ao ED _ EA
EC EB
ED? EA* ED*+EC* EA’+EB?
T 2 2
EC EB EC EB
(applying componendo)
B2
Now, ED*+EC’ =LE{EA2 + EB?) ..()
EB
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EAZ + EB? + EC? + ED?
EC?

=EA® + EB? +—2(EA1 +EB?)
EB

(EA% + EB®)(EB? + EC?)
EB?
_ AB*-BC?
EB’

Now, in AEAB and ACD’B, we have

ABDC = BAC

and ZD'CB = ZAEB = 90°

so AAEB ~ AD'CB (by AA similarity)

BA BD’

BE BC

BA*

— ——BC? =BD"?
BE*

Comparing (ii) & (iii), we get
EA? + EB? + EC? + ED? = (Diameter)?
= 4 x (radius)?

EHS ¢

i1}

or

.. (iii)

6. We have, n-sided regular polygon whose
vertices are A, Ay, A,y ... A

2_?1: and let OA =

M

-
Clearly, ZA OA, = %

2 2
2n  2r° —(AjA;)

In AA OA,, we have cos—= .
n or

2n n
= (AA,) =2r [1 - -::n::-s—]za- AjA, =2r sin[—J

n n

2 o : . [ 2T
Similarly, in AA, OA; we have, AjA3 =2r Sm(_J

n

and in AA,0A,, we have, AjAy = erin(a—n}
1

1 1 1
We have, =

= -




| 1 1

= 2sin| — l.cos| — |.sin| — |=sin| — |.sin| —
n n n \ 1 n
i ~(4mr [ 3m
* sin| — |20 = sin| — |=sin|] —
H H H

41 in 4 in
= —=M—— or —=2N+—.........
H H H H
7 T
= — =T or —=21.........
H H
1
== =7 Or HZE."”H“

" nis an integer.
— Number of sides = 7.

V2+ia _p
G+ g

V2++va _3-b

7= Let N=
integers.

where p, g are non zero

or N= 3 (assuming b # 3)
J3+b N3 i
o=+ Jab

3-b

Now /6 ++/3a —/2b —+/ab is a non-zero integer.

Casel : 2b = 6 = b = 3 (not possible)

Case 2 : ab = 6 and [3g —+/2b is an integer

a and b are positive integers.

Possible pairs of (a, b) are (1, 6), (3, 2), (6, 1)
(we can't take b = 3)
Now, for (a, b) as (1, 6), we get

V3a-\2b=-3

For (a, b) as (3, 2), we get

V3a—+2b=1

For (a, b) as (6, 1), we get

J3a—2b =22

Possible solution is (3, 2)

Case 3 : \/E:v/Z_E?+ ab and a = 3kiz, for some
k, € N.

— 6 =2b+ab+2b-2a

R.H.S. must be integer = a = 2k3 for some k, € L.
We are contradicting our earlier specification
that q:= 31‘{% & also a = Zk%

Thus, no solution exists.

Possible solution of (a, b) is (3, 2).

8. «,m+b+c+q§_ 1

b+c -

(f\#ﬂ+b+c—\/’5—1]

Multiplying numerator and denominator by

(~J¢I+b+c—v/::_l]

Similarly for other two ratios, consequently
1 1
_|_
Jatb+c—a ~Ja+b+c-b
1
+
Ja+b+c—+fc

For three positive real numbers, we have
A.M. =z H.M.

” 1 1
_|,_
w,#.:::+b+c—\/¢:_1 \!a+b+c—\/{g
1
+_
. MI'H—FE?—FE—\/EJ

— = o(let
. (let)

E(BM—?E—JE—JE]

I.H.5.=

\

— "

9

Ja+b+c
«ch+b+c[3— Tt )
Ja+b+e

Na+b+c =
Also, \/E+\/E+JE3JM&+5+.:

i
a" +a)' +...+a }(al +a, +a; +...+a, )

n

Let

{4

@, >0,1e N
We have, BE\E or 3—[353—\!'5
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1

1
3—1323—\/5

v 9
>
Ja+b+c(3-B) (B-3)Wa+b+c

9 , 3(3+/3)
1a'a+b+c{3 B) 2Va+b+c

+
qu+b+c:—\f5 ~..m+b+::—\/5
: 1 - 9+34/3
JarbEe =t odanbre

Hence proved.
9. Leto.berootsof x2-x-1.Thenco? -0 -1=0.
or o =0 +1 .. (i)
Now, as (x2 — x — 1) divides ax!7 + bx1®+ 1 =0

or

Also, o=

= o isarootofax” + bx1+1 =0

= ao”’ +ba'®+1=0 = o'®(ac+b)+1=0
= (ml}s(au+b}+1:{}

= (a+1)° (a+b)+1=0  [putting o® = ot+1]
= {u +2m+1]~4 (act+b)+1=0

= (30+2)" (a+b)+1=0 [putting 0 = 0L+1]
= (90® +1200+4) (a0t +b)+1=0

= (21nf,+13] (a0+b)+1=0 [putting o® =0t +1]

= (4410 +5460.+169)(ac+b)+1=0

= (9870.+610)(act+b)+1=0[putting o* = o +1]
= 987a0’” +0.(987b+610a)+610b+1=0

= 0.(987b+610a+987a)+610b+1=0

= (o x k)+ k, =0, wherek, k, e I
or (1597a + 987b)ct + 987a + 610b+1 =0

1445

2
+5
or, (1597a+987b) x [ ]+2534a+159?b+1 0

Also, o=

or, 1597a + 987b =0 ...{i)
and 2584a + 1597b+ 1 =0 s 1)
987

We have ﬂ——ﬁb putting in (ii), we get
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+1=0

987 x 584
fisr- 225w

= b=-1597 = a=987

10. x* —18x° +kx® +174x—2015=0
Let the roots be a, b, c and d; and ab = -

Wehavea +b+c+d=18 _—
ab+ac+ad+bc+bd+cd=k ... (ii)
abc+abd +acd + cbd =-174 (i)
abcd =-2015 ..(iv)

From (iv), we have ¢d = 65
From (iii), we have ab(c + d) + ¢d (b + a) = -174
= -31(c+d)+65(a+b)=-174
Let (c+d)=panda+b=g
We have, p + g = 18 and 65 g - 31p = - 174
= p=4and g =14
= c+d=4&a+b=14
From (ii),
ab+a(c+d)+(c+d)+cd=k
— =31+ (c+d)(a+b)+65=k

= 34+ 56=k = k=90
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T TTIMUSING

SOLUTION SET-144

1. (b) :2n+1 =(n+1¥-—nt

3 _(n(n+1} )2_(11(:1—1} T
"R 12 2

. m contains all odd numbers and the even
numbers 23, 43, 63, 83, 103, 123
. m = 1007 + 6 = 1013 with digit sum 5.

2. (¢): AB=b,AD=4d

The line AC is y e
F=p(b+d) 2
The line MN is A M B

F=mb +q(ﬂc} — mE_JJ

Pisa common point=p=m (1 -q) = gn
MH

m-+n

3. (c):z%=1,0%=1
(zw)*'=l,Z"m"=1=1x1
. nisdivisible by 18 and 48. L.C.M = 144 with
digit sum 9.

4. (a): AA NNRR DE

: |
I +i+l= 2 i:zﬂ}
2 \1J212

]
2+1+1+1=}[3](4Ji=?2[]
1 3 )2!

l1+1+1+1+1= 5!=120
 n=270+720+120=1110, digit sum 3

xdx + ydy — dx

IE-IF}‘E

Vx*+y° =x+c, y* =c +2 cx, parabolas

6. (ab,d): Ay, + Ay, = (4x)°
Ay 4 Agyy3=-(4n+2)°
N =a2t o B 6B + 20122
- 20147
=—4[12-22 4+ 32 4% + ... -1006% + 1007%]
= —4[ =503 - 1007 + 10072]
=-4.1007 -504=-2°.3%.7.19.53

5. (b) :

7. (a): Let BC subtend angle 2ct at the centre. Thus
AB subtend angle 27t - 10 at the centre.
2r sindt = 81, 2r sin 500 = 31

sin 50 = gsinﬂt — lﬁsin4 oL — Z[L'Ein}1 -

Vi1

SD]\-"iI’lg, sin QL= ?

81 243

2sin o Jﬁ
8. (c¢): BE =2rsin 3

243

=2 - "= (3sinot —4sin° o) =144
J11
571 3n+5 3(n+1)+2
5‘1“ 3In+2 3n+2

r

9. (3):

5% =a(3n+2), gy =1=>a=1

5% =3n+2, a, =logs(3n+2)
dq1 = 3

1 2 -
10. (a): P. f{.ﬁ:)z—z(cus Uy +sin lx):'x:
T (cos—1x — sin~!x)

1 waf] .| : -
= 52 (cos " x—sin  x), decreasing function
1

L,
b-a=f(-)-f)=3+7=1
2 2
Q. f{x}=%l(sin'l x—E) +E—]

T 1 16
R
4 8 8
R. f(x) decreases b-a=f(-1) - f(1)
9 1 5
=4 —=—
8 8 4
2 2
S. f{x]:% (sin_lx—ﬁ) p 2
27 4 48
] 2
p-g=l-— =2l
8 9% 22
~ AN
r""""."""""""""'T""_i
' Solution Sender of Maths Musing |
- SET-144 :
i N. Jayanthi Hyderabad i
EZ. Khokon Kumar Nandi . WB. .
13. Gouri Sankar Adhikari Mayta :  W.B. J'
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YQUASKED
WE ANSWERED

Do you have a question that you just can't get
answered?

Use the vast expertise of our mtg team to get to the
bottom of the question. From the serious to the silly,
the controversial to the trivial, the team will tackle the
questions, easy and tough.

The best questions and their solutions will be printed in
this column each month.

Q1.

6

Prove that the equation sin®x + cos®x = a is

solvable if < La<l.

4
Ans. We have, sin®x + cos®x = a

= (sin“x + cos®x)? - 3sin®xcos®x
(sin’x + cos’x) = a

- Sujatha, Thrissur
2

2 2

3 .
x=ad = 1-"sin“2x=a

4

3(1—::054}:]

= 1—— =
4 *)

= 1 =3 sin“x cos

— 1—%+§cos4x=ﬂ

T (1)
8 8

(by (1))

Find the equation of the plane passing through
the point (-1, 2, 1) and perpendicular to the
line joining the points (-3, 1, 2) and (2, 3, 4).
Find also the perpendicular distance of the
origin from this plane.

The required plane passes through the point

(-1,2,1) having position vector d = —i+2 j+k

= —=<a=l

Q2.

- Mahendra, Amritsar

Ans.

and is perpendicular to the line joining the
points A(-3, 1, 2) and B(2, 3, 4).
A vector nﬂrmal to the plane is given by

H—AB (21+3}+4k} (31—!—}—!—2.{{}

=5i+ 23+ 2k
Vector equation of a plane passing through
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Q3.

Ans.

point having position vector 4 and normal to
vector # is given by
(F-a)-A=0=>7F.n=a-n

Equation of the required plane is
Fo(5i+2 j4+2k) = (—i+2 j+k) -(51+2 j+2k)
= F+(5?+2}+2E]:—5+4+2
= F-(5?+2;’+2i) =1
We have |ﬁ|=\/5,3+22.|.22 e lgg
In normal form

r - i+ - h'+—2 f:——l
NETRMNCTRAN TR N
So, the perpendicular distance of the origin

1
from the plane is —— .

33
On each evening a boy either watches
Doordarshan channel or Ten sports. The

probability that he watches Ten sports is % AAf

he watches Doordarshan, there is a chance of

3 1

p that he will fall asleep, while it is 4 when

he watches Ten sports. On one day, the boy is
found to be asleep. Find the probability that
the boy watched Doordarshan.

- Anjali Tha, Patna

Let E,| and E, be the events of the boy watching
Doordarshan and Ten sports, respectively. It
is given that

P(E,) =% and P{Eﬁz%

Let E be the event of the boy falls asleep. Again
by hypothesis

E)_3 4ng p[E )L
P(EIJ_4 and P(EEJ 4

NowE=ENn(E;VE;)=(EfNnE)U(E;,NE)

so that P(E)= P(EI}P(EEIJ+ P(EE)P(EEE}

By Bayes’ theorem
HESELE,)

PUEE) = P(E,) P(E/E,)+ P(E,) P(E/ E,)
) (1/5)% (3/4) 3
TA/5)X(3/4)+(4/5)x(1/4) 7

HE



concept

BOOSTERS

Circles

* ALOK KUMAR, B.Tech, lIT Kanpur

This column is aimed at Class XI students so that they can prepare for competitive exams such as JEE Main/Advanced,
etc. and be also in command of what is being covered in their school as part of NCERT syllabus. The problems here
are a happy blend of the straight and the twisted, the simple and the difficult and the easy and the challenging.

STANDARD RESULTS
EQUATION OF A CIRCLE IN VARIOUS FORM

The equation of circle with centre (h, k) and
radius ' is (x - h)? + (y - k)* = r2.
The general equation of a circle is
X2+ +2ex+2fy+c=0
with centre (-g, —f) & radius = \ng i fheg,
Remember that every second degree equation
in x and y in which coefficient of x* = coefficient
of y* & there is no xy term always represents
a circle.
If g2+ f2-¢c>0 = realcircle.

g +f?-¢c=0 = point circle.

g*+ f? - c<0 = imaginary circle.
Note that the general equation of a circle contains
three arbitrary constants, g, f and ¢ which
corresponds to the fact that a unique circle passes
through three non-collinear points.

The equation of circle with (x,, y,) and (x,, y,)
as end points of its diameter is,

(x - x)x - x) + (y-y)y-y) =0
Note that this will be the circle of least radius
passing through (x,, y,) and (x,, y,).

INTERCEPTS MADE BY A CIRCLE ON THE
AXES

The intercepts made by the circle
x* + y* + 2gx + 2fy + ¢ = 0 with the coordinate

axes are 2,/¢g” — c and 2,/ f* - ¢ respectively.

Note :

If g% - c> 0 = circle cuts the x-axis at two
distinct points.

If g° = c= circle touches the x-axis.

If g? < ¢ = circle lies completely above or
below the x-axis.

POSITION OF A POINT W.R.T. A CIRCLE
The point (x,, y,) lies inside, on or outside the
circle x* + y* + 2gx + 2fy + ¢ = 0, according
as x2 + y2 + 2gx, + 2fy, +c<=o0r>0
respectively.

Note : The greatest and the least distance of a
point A from a circle with centre C and radius

ris AC + r and AC - r respectively.

pyp) F

LINE AND CIRCLE
Let L = 0 be a line and § = 0 be a circle. If r
is the radius of the circle and p is the length
of the perpendicular from the centre on the

line, then

e p>r & the line does not meet the circle i.e.
the line passes outside the circle.

e p =r & the line touches the circle.
e p < r < the line is a secant of the circle.
e p =0 = the line is a diameter of the circle.

* Alok Kumar is a winner of INDIAN NATIONAL MATHEMATICS OLYMPIAD (INMO-91).
He trains IIT and Olympiad aspirants.
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PARAMETRIC EQUATIONS OF A CIRCLE

The parametric equations of a circle

(x = h)? +(y - k)? = r? are,

x=h+rcosQ; y=k+rsind; -n <0 <mn
where (h, k) is the centre, r is the radius and
0 is a parameter.

Note that equation of a straight line joining two
points o & f on the circle x* + y* = a® is

ol 55
X COS + ysin =dcos
2 2 2

TANGENT & NORMAL

The equation of the tangent to the circle
x2 + y? = a? at its point (x,, y,) is,

Xx, +yy, = a’. Hence equation of a tangent
at (acostt,asint) is; x cosd + y sinat = a. The
point of intersection of the tangents at the
points P(ct)and Q(P) is

( (U.+BJ _ {{1+B]
dCOs i1 511
2 2

(7))
cOs COs
\ 2 2 s

The equation of the tangent to the circle
x2 + 2 + 2gx + 2fy + ¢ = 0 at its point (x,, y,)
isxx, +yy; +gx+x)+fly+y)+c=0

y = mx + ¢ is always a tangent to the circle
x* +y*=a? if ¢ = a* (1 + m?) and the point

2 2
of contact is (_H i 8 ]

3

C c .

If a line is normal / orthogonal to a circle, then
it must pass through the centre of the circle.
Using this fact normal to the circle
X+ y* +2gx + 2fy + c=0at (x, y,) is
ntf (x=2)
x+g

34|

FAMILY OF CIRCLES

32

Equation of circle circumscribing a triangle
whose sides are L, = 0; L, = 0 & L, = 0 is
given by; L,L, + A L,L, + uL,L, = 0 provided
coefficient of xy = 0 & coefficient of x? =
coefficient of y?.

Equation of circle circumscribing a quadrilateral
whose sides in order are represented by the
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lines L, =0,L,=0,L,=0andL,=0isL L, + A
L,L, =0 provided coefficient of x* = coefficient
of y* and coefficient of xy = 0.

The equation of the family of circles passing
through the point of intersection of two circles
§5,=0 & §,=01is, 5§, + K5, =0 (K#-1).
The equation of the family of circles passing
through the point of intersection of a circle

S=0&aline L =0is givenby § + KL = 0.

The equation of a family of circles passing
through two given points (x,, y,) and
(X yy)is (x - x) (x-x,) + (y—y) (- y,)
x y 1
+K |x; y; 1 =0,where K is a parameter.
Xy ¥2 1

The equation of a family of circles touching
a fixed line y - y, = m (x - x|) at the fixed
point (x,, y,) is

(x-x)*+ -y +Kly-y -m@x-x)]
= 0, where K is a parameter.

In case, if the line through (x,, y,) is parallel
to y-axis then the equation of the family of
circles touching it at (x,, y,) becomes

(x - x)* +(y - y)? + K(x - x;) = 0.

Also, if line is parallel to x-axis the equation
of the family of circles touching it at (x,, y,)
becomes (x - x)* + (y - y)* + K(y - y,) = 0.

LENGTH OF A TANGENT AND POWER OF
A POINT

The length of a tangent from an external point
(x;, y,) to the circle
S=x*+y*+ 2gx + 2fy + c =0 is given by

L=yx +y +2gx+2 f+c =S

Square of length of the tangent from a point
P is also called the power of point w.r.t. a
circle. Power of a point remains constant
w.r.t. a circle.

Note that power of a point P is positive,
negative or zero according as the point ‘P’ is
outside, inside or on the circle respectively.

DIRECTOR CIRCLE

The locus of the point of intersection of two
perpendicular tangents is called the director
circle of the given circle. The director circle of



a circle is the concentric circle having radius

equal to J2 times the original circle.

EQUATION OF THE CHORD WITH A GIVEN
MIDDLE POINT

The equation of the chord of the circle

S=x*+y* + 2gx + 2fy + ¢ = 0 in terms of its
o B
Pickdf
This on simplication can be put in the form
xx, +yy +gx+x) + fy+y) +e=xt+
yi + 2gx, + 2fy, + ¢ which is designated by
=S,

1
Note that the shortest chord of a circle passing
through a point "M’ inside the circle, is one
chord whose middle point is M.

mid point M (x,, y,)isy -y, = -

(x - x,).

CHORD OF CONTACT

If two tangents PT| & PT, are drawn from the
point P(x,, y,) to the circle § = X%+ yz + 2gx
+ 2fy + ¢ = 0, then the equation of the chord
of contact of T, T, is

x.:t:l+yyl+g(x+xl}+fbf+yl)+c=ﬂ.

REMEMBER

Equation of the circle circumscribing the
APT Lis(x-x)x+2+(y-»)y+H=0.
The joint equation of a pair of tangents drawn
from the point A(x,, y,) to the circle
x*+y +2gx+2fy+c=0 is 8§, =T?
where, S = x? + yz + 2gx + 2fy + ¢
S;=x2+yE+2gx +2fy, + ¢
F=xxy + yy, o+ olx +0 )+ fly+ yy)+ C
Area of the triangle formed by the pair of the
RL
R*+ I
where R is the radius of the circle & L is the
length of the tangent from (x|, y,) on § =0

tangents & its chord of contact =

Chord of contact exists only if the point ‘P’
is not inside.

2LR

JRZ + 17

Angle between the pair of tangents from

[ 2RL
(x;, ) = tan B
L = length of tangent.

Length of chord of contact T, T, =

] where R = radius;

POLE AND POLAR

If through a point P in the plane of the circle,
two straight lines are drawn to meet the circle
at points Q and R, the locus of the point of
intersection of the tangents at Q and R is called
the polar of the point P; also P is called the
pole of the polar.

The equation of the polar of a point P(x, y,)
w.r.t. the circle x> + y? = a? is given by
xx, + yy, = a%, and if the circle is general,
then the equation of the polar becomes
xx,tyy,tgx+x)+f(y+y,) +c=0.
Note that if the point (x,, y,) be on the circle,
then the chord of contact, tangent and polar
will be represented by the same equation.
Pole of a given line Ax + By + C = 0 w.r.t. any
2 2
circle x* + y* = a® is (—A—ﬂ, —Bi}
C C
If the polar of a point P pass through a point
Q, then the polar of Q passes through P.

Two lines L, and L, are conjugate of each other
if pole of L, lies on L, and vice-versa. Similarly
two points P and Q are said to be conjugate
of each other if the polar of P passes through
QQ and vice-versa.

COMMON TANGENTS TO TWO CIRCLES

The direct common tangents meet at a point
which divides the line joining centre of circles
externally in the ratio of their radii.

Transverse common tangents meet at a point
which divides the line joining centre of circles
internally in the ratio of their radii.

When they touch each other :

(a) Externally : There are three common
tangents, two direct and one is the tangent
at the point of contact .

(b) Internally : Only one common tangent
possible at their point of contact.

When two circles neither intersect nor touch
each other , there are four common tangents,
two of them are transverse and the others are
direct common tangents.

When they intersect there are two common
tangents, both of them being direct.
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e Length of an external common tangent and
internal common tangent to the two circles
is given by:

Lot =\d? = (1 =1)? & Ly, =/d* = (5 +1,)’

where d = distance between the centres of the
two circles, r, and r, are the radii of the two
circles.

RADICAL AXIS & RADICAL CENTRE

e The radical axis of two circles is the locus of
points whose powers w.r.t. the two circles are
equal. The equation of radical axis of the two
circles S, =0and §,=0is S, - §,=0
e 2(g - g)x+2(f; - L)y + (e, -¢) = 0.

REMARKS

» Radical axis bisects the common tangent
between the two circles.

1

e The common point of intersection of the radical
axes of three circles taken two at a time is called
the radical centre of three circles.

e A system of circles , every two of which have
the same radical axis, is called a co-axial
system.

e  Pairs of circles which do not have radical axis
are concentric,

e If two circles intersect, then the radical axis is
the common chord of the two circles.

o If two circles touch each other, then the radical
axis is the common tangent of the two circles
at the common point of contact.

e Radical axis is always perpendicular to the line
joining the centres of the two circles.

e Radical axis need not always pass through the
mid point of the line joining the centres of the
two circles.

ORTHOGONALITY OF TWO CIRCLES

e Two circles §;= 0 & §, = 0 are said to be
orthogonal or said to intersect orthogonally
if the tangents at their point of intersection
include a right angle. The condition for two
circles to be orthogonal is 2g,g, + 2f,f, = ¢, + ¢,.

REMARKS

e If two circles are orthogonal, then the polar of
a point P on first circle w.r.t. the second circle
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passes through the point Q which is the other
end of the diameter through P. Hence locus
of a point which moves such that its polars
w.r.t. the circles §, =0, S, =0 and §; = 0 are
concurrent in a circle which is orthogonal to
all the three circles.

Locus of the centre of a variable circle

orthogonal to two fixed circles is the radical
axis between the two fixed circles .

PROBLEMS
. SECTION-I

SECTION-I

Single Correct Answer Type

1. Thelocus of the mid points of the chords of the
circle x> + y* — ax - by = 0 which subtend a right

a b))
angle at 377 )18

(a) ax+ by =0 (b) ax + by = a® + b?
2 2
_I_
(c) x3+y3—ax—by+ﬂ Sb =)
2 2
+ b
(d) xz+y1—ﬂx—b}f—ﬂ : =)

2. A rhombus is inscribed in the region common
to the two circles x> + > - 4x - 12 = 0 and
x? + y* + 4x — 12 = 0 with two of its vertices on the
line joining the centres of the circles. The area of the
rhombus is

(a) 83 $q. units (b) 443 $Q. units
(c) lﬁ\E sqg. units (d) none of these

3. In a right triangle ABC, right angled at A, on
the leg AC as diameter, a semicircle is described.
The chord joining A with the point of intersection
D of the hypotenuse and the semicircle, then the
length AC equals to

AB-AD .
JAB? + AD? AB+AD
AB-AD

() JVAB-AD (d)

\KABE = A Tyt

4. 'The locus of the mid points of the chords of the
circle x? + y* + 4x - 6y - 12 = 0 which subtend an

T i . ] .
angle of 5 radians at its circumference is



(a) (x-2)2+(y+3)=6.25
(b) (x+2)*+(y-3)=6.25
(c) (x+2)>+(y-3)=18.75
(d) (x+2)*+(y+3)?=1875

5. 'The angle at which the circles (x - 1)? + y?> = 10
and x* + (y - 2)? = 5 intersect is
TC " TT

@ ®»m= W% @?:=
6 2

4 3
6. The value of '¢' for which the set,
{(x, I+ y* + 2x <1} N {(x, y)| x - y + ¢ 2 0}
contains only one point in common is
(a) (-eo,-1]U[3,99) (b) {-1,3}
(c) {- 3} (d) {-1}

7. Pisa point (a, b) in the first quadrant. If the
two circles which pass through P and touch both
the coordinate axes cut at right angles, then

(a) a?-6ab+b*=0 (b) a?+2ab-b*>=0
(c) a2-4ab+b*=0 (d) a2-8ab+b*=0

8.  'Three concentric circles of which the biggest
is x> + y* = 1, have their radii in A.P. If the line
y=x+ 1cutsall the circles in real and distinct points.
The interval in which the common difference of the

AP will lie is
(b) |0 —
3 2\5

1
@ 03]

(c) {[} : z ;JEJ (d) none of these

9. B and C are fixed points having coordinates
(3, 0) and (-3, 0) respectively . If the vertical angle
BAC is 90°, then the locus of the centroid of the
AABC has the equation
(a) x¥*+y*=1

() 9(x*+y) =1

10. If two chords, each bisected by the x-axis can
be drawn to the circle, 2(x*> + y%) - 2ax - by = 0
(a#0, b+#0) from the point (a, b/2), then

(a) a® > 8b? (b) b2 > 242

(c) @°>2b Gdf ae=2b

11. Tangents are drawn to a unit circle with centre
at the origin from a point on the line 2x + y = 4.
Then the equation of the locus of the middle point
of the chord of contact is

(b) x*+y*=2
(d) 9(x?*+y?) =4

(@) 202 +y)=x+y (b) 2(x*+y) =x+2y
(c) 4(x* +y*) =2x+y (d) none of these

12. The common chord of two intersecting circles
C, and C, can be seen from their centres at the
angles of 30° and 60° respectively . If the distance

between their centres is equal to /3 +1, then the
radii of C,; and C, are

(@) V3,3 (b) V2,2v2 (¢) V2,2 (d) 2v2,4

13. If the line xcosO + ysinO = 2 is the equation
of a transverse common tangent to the circles
x3+y1=4andx3+yz—ﬁﬁx—6y+ 20 = 0, then
the value of O is

(a) 5m/6 (b) 2m/3 (c) m/3 (d) m/6

14. The locus of the mid-points of the chords of
the circle x* + y* - 2x - 4y - 11 = 0 which subtend
60° at the centre is

(a) x2+y2—4x—2y—F=[]

(b) x*+y*+4x+2y-7=0

) x¥*+y*-2x-4y-7=0

(d) x*+y*+2x+4y+7=0

15. The locus of the foot of the perpendicular, from the
origin to chord of the circle x* + * — 4x - 6y - 3 =0,
which subtend a right angle at the origin is

(@) ¥*+y*-2x-3y-3=0

(b) 2x*+2y* -4x-6y-9=0

() 3x2+ 3y -12x-18y-6=0

(d) 2x*+2y* -4x-6y-3=0

16. Tangents are drawn to x* + y* - 1 = 0 from any
arbitrary point P on the circle C, : x* + y* - 4 = 0.
These tangent meets the circle “C,” again at A and
B. Locus of point of intersection of tangents drawn
toC,atAand Bis
(a) x*+y*=10
(c) x*+y*=5

(b) 22+ 32 =16
(d) x> +9y*=25

17. Let PQ and RS be tangents at the extremities
of a diameter PR of a circle of radius r such that PS
and RQ intersect at a point X on the circumference

of the circle, then 2r equals
PQ+RS

(@)  /PQ-RS (b) 5
- J{ng + (RS)’

2

2PQ-RS
PQ+RS

MATHEMATICS TODAY | JANUARY “15 35



18. Two circles with radii “a” and “b” touch each
other externally such that 0 is the angle between the
direct common tangents (a > b = 2), then

(a] B=5in_1(z;iJ (b] B:sin_I(zJ:z]

() O0=2sin"" ﬂ) (d) ezzmn“[ﬂ)
a+b a—>b

19. P is a point on the circumference of a circle
of radius r units. Chords QR are drawn parallel to
the tangent at P. The maximum area of the triangle

PQR is

(a) ﬁ:'*‘."r
4

-

—1

33
(b) i

2

r= (c) (d) 5 1
20. A point P lies inside the circles x* + y* -4 =0
and x* + y* - 8x + 7 = 0. The point P starts moving
under the conditions that its path encloses greatest
possible area and it is at a fixed distance from any
arbitrarily chosen fixed point in its region. The
locus of Pis
(a) 42 +4y> - 12x+1=0
b) 4x* + 42 + 12x - 1=0
(c) x¥*+y*-3x-2=0
(d) x*+y*-3x+2=0

21. Tangents are drawn from (4, 4) to the circle
x* + y* - 2x - 2y - 7 = 0 to meet the circle at A and
B. The length of the chord AB is

@ 23 ) 332 (© 2v6 (d) 62

22. PA and PB are tangents to a circle § touching
S at points A and B.C is a point on § in between
A and B as shown in the figure. LCM is a tangent
to S intersecting PA and PB in points L and M
respectively. Then the perimeter of the triangle PLM
depends on

(a) A, B, Cand P
(c) Pand C only

(b) P but not on C
(d) the radius of S only
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SECTION-II

Multiple Correct Answer Type

23. o is a variable circle which passes through the
point A = (2, 3) and which touches the x-axis; A
is the point on  diametrically opposite to A. The
curve described by A" is a conic

(a) whose eccentricity is < 1.

(b) whose latus rectum has length 12 units.

(c) which has a vertex at (2, 0).

(d) which has the x-axis as a line of symmetry.

24. If the line |y| = x — o; where o > 0 does not
meet the circle x> + y* — 10x + 21 = 0, then

(a) 05{5—2\/5 (b) Dt:r-5+2\/£
() 0e(5-2v2,5+2v2) (d) ae (-1, 1)

25. The line y = mx + c intersects the circle
x? + y* = r? at two real and distinct points if

(a) —rVl+m’* <c<0 (b) 0<c<rVl+m?
() —-cV1-m® <r (d) r<cv1+m?

26. In a triangle ABC, let BC = 13, CA = 14,
AB = 15. If I is the incentre of the triangle ABC and
if the incircle meets the sides AB, BC & CA at the
points B Q and R respectively, then which of the
following are correct?

(a) AP =8.

12
(b) Area of the triangle APR is ?8 sq. units
(c) Area of the quadrilateral APIR is 32 sq. units

(d) AI=45

27. Ifthelines3x-4y+4=0and6x-8y-7=0
are tangents to the same circle, then

(a) radius of the circle = 3/4

(b) radius of the circle = 3/2

(c) centre of the circle lies on 12x - 16y + 1 =0
(d) centre of the circle lies on 12x - 16y + 31 = 0

28. A circle § = 0 passes through the common
points of family of circles x* + y* + Ax -4y + 3 =10
(A € R) and have minimum area, then

(a) area of S = 0 is T sq. units

(b) radius of director circle of § = 0 is \E units
(c) length of intercept made by =0 from x-axis

1s 1 unit,
(d) All of these



29. C,:x%+y*=25,C*:x%+y*-2x-4y-7=0be
two circles intersecting at the points A and B

(a) Equation of common chord mustbe x + 2y -9=0
(b) Equation of common chord must be x + 2y + 7 = 0.
(c) Tangents at A and B to the circle C, intersect

13
d 919 .

(d) Tangents at A and B to the circle C, intersect
at (1, 2).
30. An equation of the tangent to the circle

x% +y? + 4x - 4y + 4 = 0 which makes equal intercepts
on the coordinate axes is given by

() x+y=2V2 (b) x—y=23
©) x+y+242=0 (d) x—y+2J3=0

31. If o, B, y are the parameters of points A, B, C
on circle x* + y* = @* and if the triangle ABC be
equilateral, then
(a) Zcoso =0
(c) Ztance =0

(b) Zsinot =0
(d) Zcotar =10

32. Let S, and S, be two circles passing through
(2,3) and touching the coordinate axes and S be the
circle having common points of §, and §, as the
centre and radius equal to G.M. of radius of §, and
S,, then

(a) S =0 cuts y-axis is but not the x-axis

(b) S=0cutsy=x

(¢) radius of director circle of S =0 is \/2_6

(d) A.M. of radius of §, and §, is 5

33. Common tangents are drawn to two circles
x> + y¥* =1and (x - 4)* + (y - 4)? = 4. If the
intersection points of transverse common tangents
with the direct common tangents are A, B, C and
D, then
(a) ABCD is a cyclic quadrilateral
(b) equation of circumcircle of AABC is
X+ yt-4dx-4y=0
(c) equation of circumcircle of AABC is
x*+y*-5x-5y=0

(d) ABCD is a square

34. Let x, y be variables satisfying the equation
x> +9* +8x-10y -40 = 0. Let a = max {(x + 2)* +
(y - 3)?} and b = min {(x + 2)% + (y - 3)?}, then

(@) a+b=18 (b) a+b=+2

() a-b=4V2 (d) ab=73

SECTION-III

Comprehension Type

Paragraph for Question No. 35 to 37
The centres of the circles touching both the
coordinate axes lies on the straight line x - y = 0 or
x + y = 0 according to the quadrant in which the
circle lies.

35. The number of circles whose centres are in
the first quadrant, touching the axes and passing
through a fixed point (h, k) is

(a) always be 1 (b) always be 2

(c) 1or2 (d) more than 2

36. If the difference between the radii of the circles
passing through (a, b) and touching the axes is
C > 0 and ab > 0, then the least value of a + b is
(relative minimum)

(a) C (b) V2c (o) 7

37. If one of the points of intersection of the two
circles touching the axes is (p, q), then the length of
the common chord is

(a) |p+q]
() 2[p + 4]

C @ 2c

(b) V2|ptq|
(d) v2]|pq|

Paragraph for Question No. 38 to 40
P is a point on the circle C, : g*(x* + %) = ap?
Q is a point on the circle C, : x* + y* = a*
38. If the coordinates of P are (h, k), then the locus
of the point which divides the join of PQ in the ratio
p : qis acircle C;, whose centre is at the point

( \ (h k)
3 B b (b) ,
kP+q p+QH ptq P+QJ
{ p ; R
@ |21, M g M L
kp+q P"'ﬁ’; P'l'ff P+QJ

39. Locus of the centre of the circle C; as P moves
on the circle C, is a circle C,

(a) Non concentric with C,

(b) Non concentric with C,

(c) Having radius equal to the radius of C,

(d) Having area equal to the area of C,

40. If the point (p, g) lies on the line y = 2x, then
radius of C,

the is equal to

radius of C,
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Paragraph for Question No. 41 to 43
The line x + 2y + a = 0 intersects the circle
x* + y* - 4 = 0 at two distinct points A and B.
Another line 12x — 6y - 41=0 intersect the circle
x* + y* - 4x - 2y + 1 = 0 at two distinct points C
and D.

41. The value of a so that the line x + 2y + a =0
intersect the circle x* + y* - 4 = 0 at two distinct
points A and B is

(a) —2v5<a<2y5 (b) 0<a<24/5
() —J/5<a<+5 (d) 0<a<2y5

42. The value of ‘a’ for which the four points A, B,
C and D are concyclic, is
(a) 1 (b) 3 (d) 2

43. The equation of circle passing through the
points A, B, Cand D is

(a) 5x*+ 5y -8x-16y-36=0

(b) 5x% + 5y* + 8x - 16y - 36 =0

() 5x*+5y*+8x+16y-36=0

(d) 5x*+ 5y* - 8x- 16y + 36 =0

Paragraph for Question No. 44 to 46
2

(c) 4

Consider the two circles C, : x* + y* = r{ and
C,: 2iy= ?'22 (r,<r,).Let A(r,, 0) be a fixed point
on C,| and ‘B’ be a variable point on C,. The line BA

meet the circle C, again at C. Then

44, Maximum value of BC? is
(a) 4rs (b) 4rf

(c) 4r} - 4r? (d) r?-r}
45. Locus of midpoint of AB is

1 4 '."'2
(a) [.x——l} g
2 4

( . 2

(b) x_f_z} ol
- 3 2

2 2

(':) If;:_’—r—z +J,-'2':rl—
- 2 2

r 3 ?"2

(d) [.x—i} L
2 4
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46. Locusof midpoint of ABwhen BC?is maximum
is
(a) x2+y*=(r +1)* (b) x*+y*=(r;-1,)°
(1 =1)"

4
Paragraph for Question No. 47 to 49

2452 =

(c) x (d) None of these

A circle C of radius 1 is inscribed in an equilateral
triangle PQR. The points of contact of C with the
sides PQ, QR, RP are D, E, F respectively. The line
PQ is given by the equation -\Ex+y—5=[} and

33 3

the point D is {T,EJ Further, it is given that

the origin and the centre of C are on the same side
of the line PQ.

47. The equation of the circle Cis
(@) (x-2v3)+(y-1)?%=1

2
(x—zﬁ}3+[y+%} =1

(c) (x=V3)*+(y+1*=1
(d) (x=+3)*+(y-1*=1
48. The points E and F are

(a) [ , (+/3,0)

(b)

(b

o —

b2 | e

T
b | =

oG & v&

(c)

b | 2
[
B | =

e
.

_"I.\\\.
~ | S

f’ﬁ )
N 2 J

49. Equations of the sides QR and RP are
2

2
(a) yzﬁx+l,y=—ﬁx—l
1

——
i
j —
ba |t

V3 J3

(c) yz—x+],y=—?x—l

2
J;:-\/Ex}y:ﬂ



Matrix-Match Type
50. Match the following.

Column-I

(A) If each of 4 circles touches the |(p) |5
3 lines x + 2y - 1 =0, 2x - 3y
+5=0and3x+y-1=0of
radiia, b, c, dand a > b > ¢ > d,

then £+£+£:

a b ¢

| Culumn—ll |

If A(-2, 0) and B(2, 0) are|(q) |2
two points. Then the number

of integral values of a if AB
subtends obtuse angle at the

point (a, a + 1) is

=

If the lengths of the tangents (r) |4
from two points A & B to a

circle are 3 & 4 and A & B are
conjugate points, then AB =

(C)

A rectangle has dimensions|(s) |1
4 and 2 if two circles are
constructed on these sides as
diameters and d is the length of

| common s:hnrd,_ then \Ed =

Integer Answer Type

(D)

51. Tangents are drawn to the circle x> + y* = 1 at
the points where it is met by the circles x* + y* -
(A +6)x + (8 = 2A)y - 3 = 0, A being parameter. The
locus of point of intersection of these tangents is
px+qy+10=0,thenp +g=

52. ‘C is a circle that contains all the three circles
2+ 9y +12x + 4y + 31= 0, x> + % + 6x +12y + 36
=0, x* + y* - 4y - 5 = 0 and having minimum
radius. If ‘D’ is the centre of the circle ‘C’ and
E=[ 22,711, then ED? =

18 12
53. The radius of the circle passing through the
points (0, 0) and (2, 0) and touching the circle
x*+y?=161s

54. Angle between the tangents drawn from a
point P to the circle x* + y* - 4x — 8y + 8 = 0 is 60°,
then the length of the tangent drawn from P to the
circle is

55. If the line 3x - 4y - 8 = 0 divides the
circumference of the circle with centre (2, =3) in the

ratio 1 : 2, then the radius of the circle is

56. If r; and r, are the radii of smallest and largest
circles which pass through (5, 6) and touches the

. 41
circle (,‘:vu:ijl1 +y2 =4=nn =I, then A =

57. If two circles each of unit radius intersect
orthogonally. The common area of the circles is

T
E_ 1. Then the value of A =

58. Iftheradius of circumcircle of the ATPQ where
PQ is chord of contact corresponding to point T with
respect to circle x> + y* - 2x + 4y - 11=01is 6 units. Then
the minimum distance of T from the director circle
of the given circle is 12— WK=K=

59. For the circle x* + y* = r?, the value of r for
which the area enclosed by the tangents drawn
from the point P(6,8) to the circle and the chord of
contact is maximum, 1is

SOLUTIONS
a> b u'ug + b
1. (¢): r= +— =
4 4 2
2 2
=) +(+-4)
2 2
sin45” =
5 parid
a”+b (al2, b2)
2
2h—a)? . (2k —b)?
_ 1=4 4 4
= a* +b*
) ) iy
simplify to get locus x* + y* — ax - by + £ ;b =0
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2. (a) : Circles with centre (2, 0) and (-2, 0) each

with radius 4. i

= y-axis is their common  /
chord.

The inscribed rhombus has

its diagonals equal to 4 and

4+/3.

d; d
: Az%zﬂ 3 sq. units
AC 1
3. [d): .- =
Q= D dino <
AD ToND
— —=sin(E——B]= cos 0
AB 2
AD? AD? 0
+ =1 o 2
AC?  AB?

4. (b):radius=5 = p =5 cos60° =2.5
= (h+2)2+ (k-3)2=6.25
Locus is (x + 2)? + (y - 3)* = 6.25

10+5-5 1
5. (b): cosO= =
241045 2
= Gl
4

6. (d):x*+ y* + 2x - 1 = 0; centre (-1, 0) and

radius = 2
Linex-y+c¢c=0
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—-1+c

V2

— ¢ =3 or -1

- =2 = |c-1|=2 = ¢-1=%2

”E—y+3={}

L
L]
%

7. (c) : Equation of the two circles be
(x=-1+(y-rt=r?

ie. xX*+y*-2rx-2ry+r*=0,wherer=r andr,.
or xg+y2—2rlx—2r1y+ ri=20

and x* + y* - 2r,x - 2r, ¥+ r5 =0
Condition of orthogonality gives

IR 2 RS 2
21*'1?'1 + 21‘1?2 =r{+r = 41*'1?‘1 =TS,

Circle passes through (a, b)
= a4+ b*-2ra-2tb+r*=0
e P-2r(a+b)+a*>+b:=0
ro+r,=2(a+b)and rr,=a’*+ b’
8. (d):Equations of circle are

X2+ yt =

2+ 92 =(1 - d)?

2+ y? = (1 - 2d)?
= solve any of circle
with line y = x + 1

2+ +x?=(1-4d)?
= 22+ 2x+2d - =0
cuts at real and distinct

points hence A > 0

342
2
9. (a):Let A= (a, b) and G = (h, k). Now A, G,
O are collinear.

2-42

or d<

— 2d2-4d+1>0= d>

20+
= h = : ! = a = 3h and similarly b = 3k.
Ala,b)
90
Gt (hk)
L O B
{'3: Uj {{-}: u} (3: Uj

Now (a, b) lies on the circle x*> + y*> = 9



10. (c) : (h, —b/2) must lie on the given circle
= 2 -2ah+b*=0
For two distinct values of b, D > 0 = a2 > 2b*

(a, bf2)

(h, -b/2)

11. (c) : Let (x}, y,) lieson 2x + y = 4

= 2x, +y, =4

Chord of contact w.r.t. (x, y,) is
xx;+yy, =1

Also, equation of chord whose mid-point is (h, k)

(1)

"

2::\1);:4

y

h? + k% = hx + ky
: II_J"I_ 1 h k

= = X = ;J,F —

h ok ek R4k RE 4k
Substitute in (1), we get

2 e + k =4

W +k* W +k°

locus is 4(x* + y?) = 2x + y

12. () : —2—=—>_ = y=13x
sin60®  sin 30°

and x(v{g+1]=\f§+1=:- i |

= ¥i+1

= 1 zxﬁz-\/{iandrz =7

13. (d) : Here
C,=100,0);C=(33,3)and r; =21, =4
C,C,=r +r,

= circle touch each other.
Equation of transverse

common tangent is,

J3x+ y-4=0

Comparing with

x cosB + y sinQ = 2

- g="

6
14. (c¢) : Let (h, k) be mid-point of chord.

JA=h)? +@2—k)?
= 4

= cos 30°
2 (1.

::(l—h)2+{2—k)3=(§x4}

= h*+1-2h+k*+4-4k=12

Hence locusis x* + y* - 2x -4y -7 =10

15. (d): 4

Q PG

Let point be P(h, k)
Slope of perpendicular OP is k/h.
Slope of chord AB is -(h/k)

Equation of line AB is(y—k) :_Th{x—h}
= ky-kK+hx-h*=0
ky+h
ARG (1)
h” +k
Homogenise the equation of circle by (1),
ky+h ky +h
x2+y3—4x( i j]—ﬁy[ }2’ j}
h* +k h™ +k
ky +hx
=2, 2
h” +k
It subtend a right angle at the origin.
coeff. of x* + coeff. of y? = 0

—

2
=0
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4h 34°
= [1= -
h* +k* (h2+kz)2
2
il 6k 3k _a
h? + k* (hz+k:¢)3
2_2{2h+3k]_ g .

W+k: (W +k%)

= 2(h*+k¥) -4h-6k-3=0
So locus is; 2x% + 2y —4x -6y -3 =0

16. (b): We have, OD =1, 0A =2

If ZAOD =0 thencusﬂzéﬁﬂzg

=5 UA-secg=2-GA=4

The locus of intersection of tangents is x* + y* = 16

:n: PQ
1 . : II'.[ ﬂP R, tan| —— e —_——
i . ( 2 } PR

PQ Q s

= cotB=—
P
In APSR; taul'E}:E
PR
%o
Now, cotB-tanB= o RS] p
. PR A\ PR
3
N 1:( PQ\( RS
PR J\ PR
= (PR)* = (PQ)RS)

= 2r=+/PQ-RS

18. (c¢) : From AMLN;

f .@E“ﬂ

——3— R
!/

: a—>b
sSInc =
a+b
M
T | H—E?
— O = S1n L
a+b

Angle between direct common tangents is

ﬂzzmzzmn“‘{ﬂ]
a+b

19. (b) : Maximum area is possible when the triangle
PQR is an equilateral triangle of side J3r.

V3

Maximum area = TGTE}

20. (d) : For the point P to enclose greatest area,

3
the arbitrarily chosen point should be (5:0) and
P should move in a circle of radius E . Locus of P

is a circle of radius —.

Y
A

e B I
[I——J +[y—0}E=—:-xz+y2—3x+2=0

2 4
21. (b) : Length of chord of contact S
. : LET or o1ta =
VR? 4+ I?

Equation of circle x? + y* - 2x -2y -7 =0

Equation of chord of contact is
Ix+4y-(x+4)-(y+4)-7=0

= 3x+3y-15=0

Radius = length of perpendicular from (1, 1)

le-15| 9 9 3
is | V18 32 2
Length(%) (4,4)

L
.. AB=3\2

22. (b) : Perimeter of APLM = PL + LC + CM + MP
=PL+ LA + BM + MP = PA + PB,

23. (b,c):Let A" = (x,, y,). The equation of ® is
(x-x)x-2)+(y-y)y-3)=0

y=0 = x* - (x; +2)x+ (2%, + 3y, ) =0
This equation has equal roots.

= A=0 = (-(x; +2))*=402x, + 3y,
= [x, =22 =12y

VAR 3)

AN,

X-axis
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Hence A’ describes the parabola (x - 2)% = 12y



24, (a, b):Line|x -y -a=0
G5, 0), r=s25—2]=2

d>r= |5—{1|::~2\/§ = 5—0>242

or 5—{:15{—2\5
&{S*Z\E or 5+2\/E~=:05

25. (a, b) : The x-coordinates of the points of
intersection of the line y = mx + ¢ and the circle
x>+ y? = r? are given by x> + (mx + ¢)* = r?

or (1+mA)x2+2mex+ct-r2=0 (i)
which, being quadratic in x, gives two values of x
and hence two points of intersection.

These points will be real and distinct if the
discriminant of (i) is positive i.e.,

4m?2 - 41 + mA(AE - > 0= 2 < r2(1 + m?)

=h ~rm"l+m1 {C{F"Jl-l'mz

26. (a,b,c,d): Let AP=AR=x,
BP=BQ=yand CQ=CR=z

at+b+tc
=1

Thenx + y+ z = -

Also,y+z=13,z+x=14,x+y =15
= x=8,y=7,2=6
Also area of the triangle ABC is

A=ys(s—a)(s—b)(s—c)=v21x8X7 X6 =84

-, The inradius is r = 2 = ﬁ =4
5. 2l 5
Area of the triangle APR is s11) -
311 S
_4-8)° 128
64+16 5

Area of the quadrilateral APIR =r /$;; =4 x 8 = 32

And Al = \JAP? + P12 = J64+16 =45

27. (a, c) : The given lines being parallel tangents
to a circle, the diameter of the circle is equal to the
distance between these lines, so the required radius
18

7
(. | %% | ¢ 15 & @
-_

2 |\J9+16| 2 2
The centre of the circle lies on the line parallel to
the given lines at a distance of 3/4 from each of
them. So let the equation be 3x — 4y + k = 0 ...(i)

k—4 3 15 1 31
Then =ir—=:-k=4i(—]:k=—0r—
V9+16 4 4 4 4
1
For k=1, distance of (i) from the other line is
3
4

Thus the centre lies on the line 12x - 16y + 1 =0

28. (a,b): X*+y*-4y+3+Ax=0

= common points are (0, 1), (0, 3)

. Equation of circle S=01is x> + (y - 1)(y - 3) = 0
ie. x> +y* -4y +3=0

s, Area of S=0is mand

radius of director circle =2 (1) = V2 units

29. (a, c) : Let tangents intersect at (¢, [3), then
the line joining the two points at which tangents are
drawn is

(i) common chord of C, and C,is C, - C, =0
= 2x+4y-18 = 0.

(ii) chord of contact when tangents are drawn from
(o, B) to C,

= Equations 2x + 4y - 18 =0and ox + By - 25 =0
must be identical. On comparing, we get

a_B_25
2 4 18
. ; ¥
30. (a, c) : Equation of tangent is —++=1
a a
= XxX+y=a
r=g = a= iZ\E
31. (a,b): A(ct) = (acoso., asinot)
B(B) = (acospP, asin)
C(y) = (acosy, asiny)
AABC is equilateral S = G
alcosol+cosd+ cos
(0,0) =( ( 2 "’)J,
3
ﬂ(sina+sinB+SiH?J
3

— cost + cosf) + cosy = 0,
sinot + sinP + siny = 0
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32. (b, ¢, d) : Radius of §, and S, are roots of
equation

2 -10r+13 =0

ry+r,=10,rr, =13

(x - 2}2+4(y 3)2 = 13
Equation of Sis (x - 2)? + (y - 3)* =13
= x*+yt-4x-6y=0

1Ty

2

33. (a, b) : From the figure it is clear that ZC,AC, =90°
Similarly ZC,BC, = £C,CC, = ZC,DC, = 90°
Thus ABCD is a cyclic quadrilateral with C,C, as
diameter ABCD is clearly not a square.

=5.Alsoitcuts y = x

34. (a,c,d): x> +y*+8x-10y-40=0
C(-4,5), r =

- =9
Also, on putting (-2, 3) in the m
given circle, we get .(_i 2)

x2+ 3% +8x - 10y - 40 < 0 (-2.3)

-4, 5) from the

point (-2, 3) is 2\/_
H—Ex/_+9i b=-2v2+9

So,a+b=18, a—b=4J2,ab =73

Distance of (

35. (c) : Consider the circle in the first quadrant
as x> + > - 2rx - 2ry + P = 0. It passes through
(h, k), then 2 = 2r(h + k) + (h* + k?) =
Discriminant, A = 4(h + k)2 - 4(h* + k?) = Bhk >0

. 'The roots of r are real. But may be equal so 1
or 2 such circles will exist.

36. (c) : As like above, we get

P -2r(a+b)+ (a*+b%) =0
We have |r) - r,| =C = (r; +1,)* - 4r

= 8ab=C = C—Zmﬂlﬂ

a+b
:’\/_z}ﬂ'i-b
\/_
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— 2
rE—C

37. (b) : The distance of the point (p, g) from the
FEL

V2

Hence the length of the common chord is

|Pi‘i‘|

2= falpt

V2 |P fi’l
39. (¢)

38. (c) 40. (c)

Let (x,, y,) be a point on C,

Let (m, n) be the point which divides PQ in the
ratio p:g, then

linex + y=0is

h k
O A SO i
p+q ptq
= P +§}_hq and y, = ﬂ(p+g}—kq

Since Q(x,, y,) lies on X2+ = .-:12

we have [m(p + q) - hq)* + [n(p + q) - kq]* = a*p?

2,2
. {mh_q} {”_k_w v
ptq pt+q (p+q)

Locus of (m, n) is
ﬂzpz

2
s lf, ]
p+q p+qa]  (p+q)*

If (o, P) denote the centre
hq kq

which is a circle CS*

of C,, then o= and P= . Since
ptq ptq
P(h, k) lies on C,,
+
q[p q} (0 +B} p:;:
q
W
Locus of (o, B) is x2+y2: e 5
(p+q)
radius of C, B agpzx{p+q)2 _ptq 1+£_§
radius of C, q° a’p? q g 2

41. (a) : Lines x + 2y + a = 0 will intersect the circle
x2 + yz =4 1s

0+0+a

-:2:'::—2@*::::::2@
Vv1+4

42. (d): Letlinesx+2y+a=0and 12x-6y-41 =0
intersect at p, then PA-PB = PT? and PC-PD = PT'*
where T and T! are the points on the respective
circles. A, B, C and D are concyclics.




PA-PB = PCPD = PT? = PT'
Hence point P will lie on the radical axis of
both the circles. Now equation of radical axis is
4x + 2y - 5=0
Since, radical axis and the lines x + 2y + a = 0 and
12x — 6y — 41 = 0 are concurrent at P, we have

4 2 -5
1 2 al|l=0=ag=2
12 -6 —41

43, (a)

44. (b): (BC)® = (AC — ABY = (AC + AB)? — 4ACAB
. max. (BC)? = 4r}, i.e., BC becomes diameter
of C,.

(

N2

45, (a) : Let B be the point (h, k), then midpoint
of AB is given by

h
( ;Tl ,%)=(:~:,y}:}h=2x—rl,k=2y

2

2
r r
L -r)+4yi=r2 :{x—;l] +y° =2?

46. (d) : When BC is maximum, locus of midpoint
of AB is a fixed point only.

47. (d) : Let C(h, k) be the centre, then
J3h+k-6

Vv3+1

= h+k=4
The point (v/3,1) satisfies the equation.

=1=V3h+k—6=—2

48. (a) : Slope of the line joining centre of circle to

3
the point D is tan0 = ¥ =
W3 _ V3

[t makes an angle 30° with x-axis.

The points E and F will make angles 150° and 90°
with x-axis.

Then E and F are

' I TS é,i
cos150° sin150° 2 2
E\ D
30°
F
-3 -1
and — Vi __y —1= F=(/3,0)

cos(—90°) - sin(—90°) -

49. (d) : The points E and F satisfy the equations
given in option (d).

50. (A-s;B-q¢;C-p;D-r)
(A}Lﬂtu=rlib=rl,c=r3,d=r

d d d 1 1 1 (1)
—t+—+—=r| —+—+— |=r| - |=1
a b c noh 1 T
(B) The point (a , a + 1) lies inside the circle
:.n:‘:*'+y2 =4
= §,, <0
(-2,0) (2, 0)
= a’+(a+1)7%-4<0 A B

= 2a2+2a-3<0

Ry

2 2

(C) If [, 1, are lengths of tangents, then
AB =12+ 12
= AB’=9+16 = AB=5

(D) Common chord (0, 25‘
_2nnp 2:2-1

TR
4 T S A
= d=E {H,D}UH.‘D]

5. (D) :xx, +yy; - 1=0 ..(1)
$=8=0
= A+6)x+(2A-8)y+2=0 ..(2)
(1) and (2) represent the same line.
-2x, =A+6,-2y,=2A -8
2%, -b6=-y, +4
= 2x-y+10=0

C(4,2)
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-31 =23 —13 —11
52. (2): D=| —, , E= ,

18 12 18 12
= DE:=2
53. (2) : Centre of the required circle be (1, y,)
= (2,2y,) liecsinx*+ =16 = p’=3
= radius=+1+3 =2

(2, 2y,)

54. (6): r=v4+16-8 =23
Required length of tangent =

r
tan 30°

=23x3 =6

6+12-8|
= =2

1 V3% +47 7
20= 5{36{1*:’] =120° . cosi=—=r=4
r

56. {4] = *

(x-2Y+v'=4,C(2,0)and r =2
Distance between (2,0) and (5, 6) is
J9+36 =45=35

3W5-2 3v5+2_41
2 2 4

57. (Z): A

55. (4) :

nh =

B

46  MATHEMATICS TODAY | JANUARY ‘15

ABCD is square
. Required area = Area of sector ABC + Area of
sector BDA - Area of square ABCD

(1 (1
=2(— ~l=—w]
4 2

58. (2) : 0S=4+/2
Required distance TS = OT - SO = 12 - 442

(x-1)+(y-2)2=32

-1¥+(y-2P=16

2 2 243/2
r{x;"+9"=r")

2 2
X, 3

59. (5) : Area of the triangle =

P(6, 8)

_ r.(100-r2)*?2

A
100
3 23 Vi 2.3/2
i r.—(100—+<)"“(=2r)+ (100 —1r°)
— =2
dr 100
_(100-r%)!2

(=3r* +100-7r*)=0 = r=5

100

Area is maximum, when r = 5
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BOOSTERS

Vectors and
3D Geometry

* ALOK KUMAR, B.Tech, lIT Kanpur

This column is aimed at Class XlI students so that they can prepare for competitive exams such as JEE Main/Advanced,
etc. and be also in command of what is being covered in their school as part of NCERT syllabus. The problems here
are a happy blend of the straight and the twisted, the simple and the difficult and the easy and the challenging.

VECTORS

DEFINITIONS

A vector may be described as a quantity having
both magnitude and direction. A vector is
generally represented by a directed line segment,

say AB. A is called the initial point and B is
called the terminal point. The magnitude of

vector AB is expressed by | AB|.
Zero vector : A vector of zero magnitude i.e.

which has the same initial and terminal point,
is called a zero vector. It is denoted by 0.

Unit vector : A vector of unit magnitude in

direction of a vector a is called unit vector and
a

is denoted by a. Symbolically a= ﬁ .
Equal vectors : Two vectors are said to be equal,
if they have the same magnitude, direction and
represent the same physical quantity.
Collinear vectors : Two vectors are said to be
collinear, if their directed line segments are
parallel disregards to their direction. Collinear
vectors are also called parallel vectors. If they
have the same direction they are named as like
vectors otherwise unlike vectors.

Symbolically, two non-zero vectors a and b

are collinear if and only if, a =Kb , where
K e R

Coplanar vectors : A given number of vectors
are called coplanar if their all line segments are

parallel to the same plane.
Note that "Two vectors are always coplanar’.

e Position vector : Let O be a fixed origin, then
the position vector of a point P is the vector OP.
If @ and b are position vectors of two points A
and B respectively, then
AB=b-ad =PV.of B~ PV. of A

VECTOR ADDITION

e If two vectors OA and OB are represented
by @ and b, then their sum OC is a vector
represented by G +b where OC is the diagonal
of the parallelogram OACB.

® Gd+b=b+a (commutative)

o (@+b)+c=d+(b+¢) (associative)

® Gi+0=d=0+d

e d+(-a)=0=(-a)+a

MULTIPLICATION OF VECTOR BY SCALARS
If d isavector and m is a scalar, then mad is a vector

parallel to @ whose modulus is

m| times to that of 4.

This multiplication is called scalar multiplication. If

d and b are vectors and m, n are scalars, then

m(a) = (a)m = ma
m(nd) = n(md) = (mn)ad
(m+n)a = ma + na

m(@+b) = ma + mb

* Alok Kumar is a winner of INDIAN NATIONAL MATHEMATICS OLYMPIAD (INMO-91).
He trains IIT and Olympiad aspirants.
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SECTION FORMULA

If dand b are the position vectors of two points
A and B, then the position vector of a point which

2 : : ;= . nd+mb
divides AB in the ratiom: nis givenby r = :
m+n
i : . a+b
Note : Position vector of mid-point of AB= 5

DIRECTION COSINES

A 2 i
Let d=a;i+a, jtaskand o, B, y are the angles
which this vector makes with the +ve directions of

OX, OY and OZ called direction angles, then their
cosines are called the direction cosines.

a a a
i.e.,cos0 = —, cosP = —=, cosy = —
a| |a] |a]

Note that, cos*ct + cos®p + cos?y =1

VECTOR EQUATION OF A LINE

e Parametric vector equation of a line passing
through two points A(d) and B(b) is given by,
r=a+ I(E —a), where t is a parameter.

e If the line passes through the point A(a) and
is parallel to the vector b, then its equation is,
F=d+tb.

e Note that the equations of the bisectors of the
angle between the lines,
F=d+Aiband 7 =a+uc is
F=d+t(b+C)and F=d+ p(C —b)

B(b
R(Y R[?]
A
(@) )
”"E(?r
0 0

TEST OF COLLINEARITY .

Three points A, B, C with position vectors a, b, ¢
respectively are collinear, if and only if their exist
scalars x, y, z not all zero simultaneously such that

xﬁ+y§+z.:‘:‘:{] ,Wherex + y+z=0.

SCALAR PRODUCT OF TWO VECTORS

o da-b=|a|lb|cosO (00 m),
Note that if 0 is acute, then da-b >0 and if 0
is obtuse, then d-b <0
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e d-d=|af
e d-b=b-d (commutative)
e d-(b+¢)=d-b+ad-c (distributive)
e Gb=0&dlb (G20, b20)
AA FLR AA AN MM P
® jii=j-j=kk=1;i-j=j-k=k-i=0
_..E

e Projectionof d on b=—

==

REMARKS

R

” . (a-b
Vector component of d alongb = [H—Jb and

perpendicularto p =g — (E]E’h

[bf
e The angle ¢ between dandb is given by
; a-b e
cosf = —,0<¢p<m.
jallb

A

b=b, ;4—.’:12_?4—?}3 E, then
i-b =

]E?] T ﬂgbg T ﬂ3b3

REMARKS

e Maximum value of @-b=|d||b]|.

e Minimum value of @-b=—|a||b]|.

e Anyvector 4 can be written as,
e e ol Beifiine, PO
a=(a-i)i+(@a-j)j+(a-k)k.

® A vector in the direction of the bisector of the
angle between the two vectorsa and b is

i b
— 4+ —.
2 |‘3| |E’|

Hence, bisector of the interior angle between

the two vectors dand b is Ma + @} , where
A€ R*

Bisector of the exterior angle between two

vectors d and b is AMa _ﬁ}, XeR”,



VECTOR PRODUCT OF TWO VECTORS

e Ifdandb are two vectors and 0 is the angle
between them, then dxb=|d|/b]|sin n,
where 7 is the unit vector perpendicular to

both G and b such that &, b and n forms a
right handed screw system .

e  Lagrange'sidentity:Foranytwovectors d and b;

=l

-a
a-b

TR~

@xb)? = al|bP - @-5)* =

= =l

e Formulation of vector product in terms of
scalar product

The vector product d@xb is the vector ¢,
such that

i) 121=\IaPI5 P —@-by?

(ii) ¢ -@=0,c -b=0and

(iii) d, b, ¢ form a right handed system
e Gxb=0 & dandb are parallel (collinear)
(G#0, b#0)ie 4= Kb , where K is a scalar.
o dxb#bxa (not commutative)

o (md)xb=dx(mb)=m(@xbh), where m is a

scalar.
o Gx(b+¢)=(ixb)+(@xc) (distributive)
& ?x?=}x;=£}{£=ﬂ
. JGiie ot
o Ifd=a i+a,j+askand b=bi+b,j+bsk,
ik
then daxb= a, d, d;
by b, by

e  Geometrically | @ X b | =area ofthe parallelogram
whose two adjacent sides are represented by

dgandb.
e Unit vector perpendicular to the plane of
axb
|axb]|
e A vector of magnitude r and perpendicular to

the plane of dand b is + A K_E}]
ldxb

a R
gdand bisn =%

e If O is the angle between dand b, then

. |@xb]|

sinf = ——
|af]b]

VECTOR AREA

o Ifd,band ¢ arethe position vectors of 3 points
A, B and C, then the vector area of triangle ABC

1 e o
= — [axb + bXc + c‘x:a]
2
The points A, B and C are collinear if
Axb +bXT +cxd=0
e  Areaofany quadrilateral whose diagonal vectors

are d; and d, is given by %|31 Xd,| .

SHORTEST DISTANCE BETWEEN TWO
LINES

If two lines directed along p and g in space intersect
at a point, then obviously the shortest distance
between them is zero. Lines which do not intersect
& are also not parallel are called skew lines. For Skew
lines, the direction of the shortest distance would be
perpendicular to both the lines. The magnitude of
the shortest distance vector would be equal to that of

the projection of AB along the direction of the line
of shortest distance, LM is parallel to p X 4.
i.e. LM = |Projection of AB on LM |

= |Projection of AB on pxg

AB -(px§)| |(b—a)-(px§)
|pxq| |pxq|

e The two lines will intersect only if shortest

—_—

distance = 0 i.e. {E—ﬁ]-(ﬁx@}:{l ie. b—a
lies in the plane containing p and g
= [(b-d) pgGl=0
e Iftwo lines are given by n =4, + Kb and
rh =d, +Kb i.e. they are parallel then,

b x (d, —d,)
6]
SCALAR TRIPLE PRODUCT / BOX PRODUCT

[ MIXED PRODUCT
e The scalar triple product of three vectors

d, b and ¢ is defined as
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(@xb)-¢ =|d||b||¢|sinOcosd

where 0 is the angle between 4 and b and ¢
is the angle between (g xb)and ¢. It is also
defined as [@b¢], spelled as box product.

e Scalar triple product geometrically represents
the volume of the parallelopiped whose
three coterminous edges are represented by
,band ¢ ie.V=1[ab¢]

e Inascalar triple product, the position of dot and
cross can be interchanged

e. a- (bxc)=(axb)-¢

=

r [abcl=[bca)=[cab]
® &{Ex )=—a-(¢xb) ie. [abc] = —-[achb]
e Ifa= ? ‘32.’.+“3£35=31?+53;+E?3f53“d
4 4y 43
C=cli+eyj+esk, then [ b &]=|b, by b,
€] € €3

In general, if
a=ayl +a,m+ ayn; b = bl + bym + by
and ¢ = ¢l + c;m + 31, then

ap dy  dy
[@bcl=|b, b, bs| [Imi]; where I, m, 7
6 & 4

are non-coplanar vectors .
e Ifabc
e Scalar product of three vectors, two of which are

are coplanar < [d b ¢]=0

equal or parallel is 0 i.e. [abc|=0
REMARKS
If 4,b,¢ are non- coplanar, then [a b c]>0 for
right handed system and [@ b ¢]<0 for left handed

system.
AR

o [ijk]=1

e [Kabc]=K[abc]

e [(G+b)cdl=[dacd]+[bid]

® The volume of the tetrahedron OABC with O
as origin and the position vectors of A, B and

C being d, b and ¢ respectively is given by

1 —
V==[abc
mld
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e Theposition vector of the centroid of a tetrahedron
if the position vectors of its angular vertices are
= 55 . _ | TR S
a,b,candd aregivenby —[a+b+¢ +d].

|
Note : This is also the point of concurrency of
the lines joining the vertices to the centroids of
the opposite faces and is also called the centre
of the tetrahedron. In case, the tetrahedron is
regular it is equidistant from the vertices and
the four faces of the tetrahedron .

Remember that : [a—b b-¢ ¢c—adl
[G+b b+c =2[a b ¢]
VECTOR TRIPLE PRODUCT

Let 4, b, ¢ be any three vectors, then the expression

=0 and
c+al

d X [E_:; X ¢€) is a vector and is called a vector triple
product .

Geometrical Interpretation of g x (b x¢)

Consider the expression dx(bx¢) which itself
is a vector, since it is a cross product of two
vectors @ and (b X&)
perpendicular to the plane containing d and (b X ¢)

. Now Ei}r:{E::{E) is a vector

but bx¢ is a vector perpendicular to the plane of
b and ¢ , therefore dx (b x¢) is a vector lies in the

plane of b and ¢ and perpendicular to @ . Hence we
can express a X (bx¢) intermsof b and C .
ie. ax(bxc)=xb + yc, where x and y are
scalars.
o dx(bxc)=(d-c)b-(a-b)c
e (@xb)xC=(@-¢)b-(b-0)a
 (@xb)x¢ #dx([bxc)
LINEAR COMBINATIONS
Linearly independence and dependence of
vectors :
d, b, ¢, .., then
the vector F=xid + yb + zC +....

e Given a finite set of vectors

is called

=

a linear combination of 4, b,c,..... for any
X, ¥» Z, ... € R. We have the following results :

¢ Fundamental theorem in plane : Let a,b
be non-zero, non-collinear vectors. Then any

vector ¥ coplanar with 4, b can be expressed

—

uniquely as a linear combination of 4, b



i.e. there exist some unique x, y € R such that
xa+ yE =r .

Fundamental theorem in space: Let 4, b, ¢ be
non-zero, non-coplanar vectors in space. Then
any vector 7, can be uniquely expressed as a

linear combination of 4, b, ¢ i.e. there exist some
unique x,y,z € R such that xa + yb +zc =7.

—_—

It X;, X, ..., X,, are n non-zero vectors, and
ki, ks, ....., k, are n scalars and if the linear
combination k;x; +k,X%, +...+k, X, =0

=k =0,k;=0,..,k,=0

then we say that vectors x,X,, ...
linearly independent vectors.

o b -

If X, ,X,,...., X, arenotlinearlyindependent, then
they are said to be linearly dependent vectors.
e if kjx; + kyXy +......+ k, X, =0 and if there
exists at least one k, # 0, then X;, X,,....., X,, are

said to be linearly dependent.

REMARKS

M My !

If a=3i+2j+5k, then a is expressed as a

NOAA

linear combination of vectors i, j,k. Also,
AN

d, i, j,k form a linearly dependent set of
vectors. In general, every set of four vectors is a

linearly dependent system.
Ao A

i, j,k are linearly independent set of vectors.
A M A

For K1f+K2j+K3k=ﬂ ;-"‘K]:{]:KEZK}

Two vectors 4 and b are linearly dependent

—
—_

= @ is parallel to b ie. @xb=0 = linear
dependence of @ and b . Conversely if d X b#0
then @ and b are linearly independent.

—

If three vectors d, b, ¢ are linearly dependent,
then theyare coplanari.e. [d@ bc]= 0. Conversely,

if [ b c]#0, then the vectors are linearly
independent.

COPLANARITY OF VECTORS

Four points A, B, C, D with position vectors
a, b, c,d respectively are coplanar if and
only if there exist scalars x, y, z, w not all zero

simultaneously such that xd+yb +2z¢ +wd = 0
where,x+y+z+w=0.

RECIPROCAL SYSTEM OF VECTORS

da, b, anda’, b’, ¢’ are two sets of non-

—

coplanar vectors such that G -a’=b-b’=¢-¢’ =1,
then the two systems are called reciprocal
system of vectors.
— bxc ] cX —
Note: d=——— ; b' =—=;
[d b c] (@ b c]

—

ixb
b

]

™

EQUATION OF A PLANE

The equation (¥ —#;)-# = 0 represents a plane
containing the point with position vector r,,
where # isa vector normal to the plane.
r-i=d is the general equation of a plane.
Angle between the 2 planes is the angle between
2 normals drawn to the planes and the angle
between a line and a plane is the complement
of the angle between the line and the normal
to the plane.

APPLICATION OF VECTORS

Work done against a constant force F over a

displacement 5 is definedas W =F.5.
The tangential velocity v of a body moving in

i

a circle is given by v=w X 7, where 7 is the
position vector of the point P.

-

The moment of F about 'O is defined as
M =7 xF, where 7 is the position vector of
P wrt. 'O. The direction of M is along the
normal to the plane OPN such that 7, F and M

form a right handed system.
0

Moment of the couple = (7 —#) x F, where
r; and 7, are position vectors of the point of
the application of the forces F and —F.
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3-D COORDINATE GEOMETRY

¢ General
Distance (d) between two points (x;, ¥y, z;)
Eﬂd (IE? Y2, 21} 1s

d=\/(x, ~x)* +(,

e Section formula

=) )y +(z; _31]2

Pix, =)
m. T m
(x> ¥ 2) T 2 (%p )y 2)
B il e P 1 Sl )
?ﬂl +m2 m1+rﬂg
L

(For external division take —ve sign)

e Direction cosines and direction ratios of a
line
(i) Direction cosine of a line has the same
meaning as d.c's of a vector.
(ii) Any three numbers a, b, ¢ proportional
to the direction cosines are called the
direction ratios i.e.

I_m_n__ 1

a b \/az +b° +¢°

same sign either +ve or -ve should be
taken through out.

Note that d.r's of a line joining (xy, yy, z1)
and (x,, y,, z;) are proportional to x, — x,
y2-y1and z; - z;.

(iii)If O is the angle between the two lines
whose d.c's are <[y, my, ny> and <l5, m,, n,>,
then cosO = [}, + mym, + nyn,

Hence if lines are perpendicular, then
1113 + mym, + nyn, = 0

If lines are parallel, then I__ﬂ:ﬂ_l

L my m

Note that if three lines are coplanar,

E} ny

then L my, ny|=0

IE- My My
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(%3, ¥ 2,)
(xp5 ¥1> 21)

d.c’s
<l m, n>

Projection of the join of two points (x;, y;, 1)
and(x,, y,, z;) on a line with d.c's <I, m, n> are

I(.IE - II) + T‘ﬂ(}f‘g - }’I) + H(EE - EI}

PLANE

General equation of degree one in x, y, z, i.e.
ax + by + cz + d = 0 represents a plane.
Equation of a plane passing through
(xXpyvz)isalx-x) +b(y-y1) +clz-21) =0
where a, b, ¢ are the direction ratios of the
normal to the plane.

Equation of a plane if its intercepts on the

. - X ¥ =z
coordinate axes are x, ¥, 2z is— + —+— = 1.

X1 X F
Equation of a plane if the length of the
perpendicular from the origin on the plane is
p and d.c’s of the perpendicular as <I, m, n> is
Ix+my+nz=p

Two
=0 and a,x + byy +

Parallel and perpendicular planes :
planes a;x + byy + ¢z + d,
c;z +dy =0 are

(i) perpendicular if aja, + biby, + cjc; =0
_b ¥

(ii) parallel if 2
ﬂz E’z 3

a b ¢ d
(iii) coincident if +=—=-L=—-1
a, by ¢ d,

Angle between a plane and a line is the

complement of the angle between the normal to
the plane and the line. If line: 7=d+Ab and

plane : 7-ri=d, then

cos(90°—0)=sinB =

where 0 is the angle
between the line and
normal to the plane.

Length of the perpendicular from a point
(xpypz))toaplaneax + by +cz+d=0is



ax;+by, +cz,+d
\/al +b° +¢°

e Distance between two parallel planes ax + by +
cz+dy=0andax+by+cz+d,=0is

dl B dZ
\{ @+ 4
e Planes bisecting the angle between two planes

ax + by + cjz+d;=0and
a,x + byy + ¢z + d; = 0 is given by

p:

ayx+by+ez+d,
2.8 3
Jﬂl+bl + ¢

Of these two bisecting planes, one bisects the
acute and the other obtuse angle between the
given planes.

ad,x+b,y+cy,z+d,

=
Do b D
\jﬂz +b5 +c¢5

¢ Equation of a plane through the intersection of
two planes P, and P, is given by P; + AP, =0
STRAIGHT LINE IN SPACE
e Equation of a line through A(x;, y;, z;) and
having direction cosines </, m, n> are
e P S
/ m n

and the equation of a line through (x,, y, z;) and

(x2, ¥2, 273) is

X=X y—=n _

b=k WA
e Intersection of two planes a;x + by + ¢,z
+d; =0 and ayx + byy + ¢,z + d, = 0 together
represent the unsymmetrical form of the
straight line.

E—El

Xy — X

® General equation of the plane containing the
X=X_Y~N_Z*"3
m h

Alx-x)+Bly-y)+Clz-2) =0,

18

line

where Al + Bm + Cn = ().

LINE OF GREATEST SLOPE

® AB is the line of intersection of plane G and H
is the horizontal plane. Line of greatest slope
on a given plane, drawn through a given point

on the plane, is the line through the point P
perpendicular to the line of intersection of the
given plane with any horizontal plane.

G-plane

P
» o
W \
H-plane
B

PROBLEMS
SECTION-I

Single Correct Answer Type

1. Let @ band¢ be the three vectors having
magnitudes 1, 5 and 3 respectively such that the
angle between a4 and b is 0 and ax(@xb)=¢,
then tan® is equal to

(a) 0 (b) 2/3  (c) 3/5 (d) 3/4

2. 'The perpendicular distance of a corner of a
unit cube from a diagonal not passing through it is

3 2 3 4
(a) \/g (b) \E (c) \E (d) \/;

3. If p, § are two non-collinear vectors such that
(b-c)(pxg)+(c—a)p+(a-b)gd= 0 where a, b, ¢
are lengths of sides of a triangle, then the triangle is
(a) right angled (b) obtuse angled

(¢) equilateral (d) right angled isosceles

L A AA A A A A A
4, Let d=i+j+k, b=—i+j+k, c=i—j+k
— A

M M
and d=i+j—k. Then, the line of intersection

—

of planes one determined by a,b and other

determined by ¢, d is perpendicular to
(a) x-axis (b) y-axis
(c) both x and y-axes (d) both y and z-axes
5. A parallelopiped is formed by planes drawn
parallel to coordinate axes through the points
A=1(1,2, 3) and B = (9, 8, 5). The volume of
parallelopiped is equal to ( in cubic units )
(a) 192 (b) 48 (c) 32 (d) 96
6. A line passing through A(1, 2, 3) and having
direction ratios (3, 4, 5) meets a plane x + 2y — 3z =5
at B, then length of AB is equal to

4512

9 11 13
(a) i (b) (c) — (d) 3

42 4
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Let a, b, ¢ be three non-coplanar vectors and
be a non-zero vector, which is perpendicular to

di+b+¢. Now, if d= (sin x)(@ xb)+ (cos y){ﬁ XC)
+ 2(¢ x d),then minimum value of x* + y* is equal to
m

2 2 2
T ST
— (o) (d) —
2
8. Ifthefourfacesofatetrahedron are represented

by the equations 7-(0ti +Bj) =0, 7-(Bj+7vk)=0,

F.(yk+0i)=0 and 7-(0ti +Bj+7k)=p, then
volume of the tetrahedron (in cubic units) is

7.
d

(a) m (b)

3 3
(a) |-£ (b) | 2P
6oy 60y
3
(c) P (d) none of these
60y

9. The equation of a plane that passes through

(1, 2, 3) and is at maximum distance from (-1, 1, 1) is

(@) 2x—-y+22=6 (b) 2x-y+z=3

(c) 2x+y+2z=10 (d) none of these

10. The distance of the point P(3, 8, 2) from the

=1 ¥y=3 -2
2 4 3

plane 3x + 2y -2z + 15=01s
(a) 7 (b) 2 (c) 9 (d) 5

11. Thelocus of a point which moves in such a way

that its distance from the line %: % = il is twice
the distance from the planex + y + z=0 s

(@) x*+y*+22-5x-3y-3z=0

line measured parallel to the

(b) x*+y*+22+5x+3y+3z=0
(c) X +y2-22-5xy-3yz-32x=0
(d) x> +y*-22+5xy+3yz+32x=0

12. A variable plane intercepts on the axes,
the sum of whose squares is 9. Then locus of the
foot of the perpendicular from origin to plane is
(x2+y?+z22)(x*+y*+2%)? =K Then K is

(a) 3 (b) 9 {c] 27 (d) 81

13. A triangle ABC has vertices A(1, -2, 2),
B(1,4,0) and C(-4, 1, 1). The vector BM, where M is
the foot of the altitude drawn from B to AC is

20 A 104
() —Zi-10j+—k
A
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200 A 10 A 200 304 10~
] G T e Mty S
(c) - ] - (d) = ?) -

14. Angle between the lines3x + 2y +z-5=0=

x+y-2z-3andx-y+4z=0=x+y-4zisequalto
(

i, 51

(a) cos E} (b) cas_l[%]
\ 2 :
(c) cns_lfl] (d) =
e, 2

15. Let A(O, 0, 1), B(0, 1, 0) and C(1, 1, 1) are the
points in a plane. Then the equation of the plane
perpendicular to the plane ABC and passing
through A and B is

a) x+y+z+1=0 (b) x-y-z-1=0
(¢) x+y+z-1=0 (d) 2x+y+z-1=0

16. A ray of light is sent through the point
P(1, 2, 3) and is reflected on the XY plane. If the
reflected ray passes through the point Q(3, 2, 5),
then the equation of the reflected ray is

=3 y=2 2-5 X=3 ¥=2 Z-5
@ 7% "1 ® T TS
(©) X 3=y 2=z S(d} X 1=y 2=z 3

1 0 4 1 0 4

17. The intercepts made by a plane, P, on the co-
ordinate axes are a, b, c¢. The co-ordinate axes are
rotated about the origin by an angle 0. The plane P
now makes the intercepts a’, &', ¢’ on the (new) coordinate
axes. Which of the following statements is true?

(a) a+b+c=a+b +¢

(b) abc=a" b’ ¢

(0) 1 " l_+1 1 + 1 " 1
e —_— =

(d) bc+ca+ab=bc"+c"a’" +a' V.

18. The distance of the point (3, 4, 5) from the
plane x + y + z = 2 measured parallel to the line
2x=y=2zIis

@) 4v3 (b) 6 ©) 52 () 12
19. For the line I:x—1=y+l=z—3 and the
3 2 -1

plane P : x - 2y — z = 0; which of the following
statements is true?

(a) [liesin P (b) [is parallel to P

(c) [lis perpendicular to P (d) none of these



20. If P, Q, R are the images of point A(a, b, c) in
XY, YZ and ZX planes respectively and ‘G’ is the
centroid of APQR, then area of AAOG = (O refers
to origin)

(a) 0 (b) a2+ b? + ¢?

!
(c) %{ahbhcz} (d) E(c;2+bz+c2)
21. The equation of plane through points (1, 0, -1),
X=ly I=y Z=2

(3, 2, 2) and parallel to the line 1 =T

is
(a) 4x-y-2z-6=0(b) 5x+y-2z-7=0
(c) dx+y-2z-7=0(d) 4x-y+2z+1=0

SECTION-II

More than One Correct Answer Type

22. If ad@xb)+P(b x &)+ V(¢ xd) =0, then

(a) a,b,¢ are coplanar if all of o, B, Y # 0

(b) a&,b,¢ are coplanar if any one of o, B, ¥ # 0

(¢) a&,b,c are non-coplanar for any o, B, Y

(d) none of these

23. Ifa,b , C are three non-zero vectors, then which

of the following statement(s) is/are true ?

(a) a@x(bx¢c),bx(éxa),éx(dxb) form a right
handed system.

(b) & (@xb)xc,dxb form a right handed
system.

(c) d-b+b-C+¢-d<0, if a+b+¢=0

(d) (@xb)- (bxc} _Lifd
(bx¢)-(dxc)

24. Let Gandb be two given perpendicular

vectors, which are non-zero. A vector r satisfying

E"l
II

the equation 7 xb =4 can be

(@ E—T:lf (b) zE—{T;If)
(@xb) .~ (axb)

bh— d) |blb——

(c) |a| P (d) |b] P

25. If Gandb are any two unit vectors, then
possible integer(s) in the range of

3|a+b]

+2|d-b| is

(a) 2 (b) 3 (c) 4 (d) 5

26. A non-zero vector a is parallel to the line
of intersection of the plane determined by the

AN M

vectors i, i+ j and the plane determined by the

."-.

vectﬂrs i —;, i +k . Then the angle between 4 and
b= :—2; +2k is

(b) m/4 (d) 3m/4

27. If 4 is perpendicular to b and p is a non-zero
scalar such that p7 +(7-b)d = ¢, then

(a) [Fadc]=0 (b) p°F=pa-(c-ab
(c) pF=pb—(G-b) (d) p'r=pc—(b-c)i

28. Inafour- dimensiunal space where unit vectors
.l“'. .-"".

along axes are i, j, kand | and Ay, Gy, Ay, Ay
are four non-zero vectors such that no vector can
be expressed as linear combination of others and
(A=1)(d; —a,)+d, +d;)+y(d; +d, —2d,) +d;y +0d, =0
then

(a) m/3 (c) 2m/3

2
(b) n=—7

(a) A=1 3

-
©) A=3 @ 8=3
29. The equation of a plane is 2x - y - 3z = 5 and
TG, o O T )
four points. Which of the following line segments
are intersected by the plane?

(a) AD (b) AB (c) AC (d) BC
30. Theplanex—-2y+7z+21=0
+1 -3 +2
(a) contains the line il W R :
-3 Z 1
(b) contains the point (0, 7, —1).
: . v W W B
(c) is perpendicular to the line T

(d) is parallel to the plane x — 2y + 7z = 0.

31. If aline makes an angle o, [3, v, 0 with the four
diagonals of a cube, then
(a) Cﬂsz -:3~L+s:+r:=-s2 [3+ Cﬂsz Yo cnsz d=1

8
(b) sin” o + sin’ P+ sin’ Y+ sin & = -

4
(c) cos” oL+ cos’ [34-1&:«:&52 v+ cos> 8= P

(d) sin® ot + sin” B+ sin’ Y+ sin? §=3
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32. If OABC is a tetrahedron such that

OA® + BC* =0B* + CA* =0C* + AB”, then

(a) OA L BC (b) OB L AC

(¢) OC 1:-AB (d) AB L AC

33. If A(3, 5, -3), B(2, 3, -1), C(1, 2, 3) and
D(3, 5, 7) are four points, then

(a) AB is parallel to CD.

(b) AB L CD.

(c) projection of AB on CD is zero.

(d) a, b, ¢, d are coplanar.

34. Iftheline =2 _% intersects the line
1 2 3

3Bzx—l—3[]—2{!}y+z=3=—%{Eﬂlx+3(l—2|3]y+23},

then point (o, B, 1) lie on the plane
(b) x+y-2z=2
(d) 2x -y =0

(a) 2x-y+2z=4
(¢) x-2y=0
35. Let PM be the perpendicular from the point

P(1, 2, 3) to xy plane. If OP makes an angle 0 with

the positive direction of z-axis and OM makes an
angle ¢ with the positive direction of x-axis, where
O is the origin and 0 and ¢ are acute angles, then

(a) tanO= ?5 (b) sinﬂsinq}:ﬁ
(c) tandp =2 (d) cosOcosd= ﬁ

SECTION-III

Comprehension Type

Paragraph for Question No. 36 to 38

Let ¥ is a position vector of a variable point in the
A M
cartesian plane XOY such that 7 -(10 j—8i —7)=40

A A ol f Ay
and p; =max{|F+2i—3j[*},p» =min{|[7 +2i =3[},

3

A tangent is drawn to curve ¥ =— ata point D with

abscissa ‘2’ intersect x-axis at E. Then

36. Locusof r is

(a) a circle with centre (4, 5)

(b) a circle with ends of diameter (0, 0) and (8, -10)
(c) a circle with radius 1

(d) an ellipse whose major axis is '40'".
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37. The value of p; + p, is

@) 82 (b) 8 ) 42 (d) 18
38. DE-OE is
(a) 3 B) 32 (© 42 (d) 18

Paragraph for Question No. 39 to 41
Let L; and L, be the lines whose equations are

x—3 _¥=8 -3 x+3 y+7 z-6
= = and = =
3 =1 1 -3 2 4
respectively. A and B are two points on L; and L,
respectively such that AB is perpendicular to both

the lines L, and L,.

39. The shortest distance between the lines L; and

Lg 18
(@) V30 (b) 6J/10 (¢) 3v30 (d) 910

40. Coordinates of the point A is
(a) (1,8,2) (b) (3,8,3)
(¢) (-3, 8, 3) (d) none of these

41. Equation of line of shortest distance is

(a) x—3:y—8:z*3 x+3=y+?=z+6

2 > =] 2 5 1
x 2y-1 2z-9
2 10 =1

(d) none of these

(c)

Paragraph for Question No. 42 to 44
O, A, B are non-collinear points. OA=dand OB=b
C is a point such that OC=10d+2b . Let A, be

the area of O OACB and A, be the area of the
parallelogram whose adjacent sides are represented

by d@and b.
42. An expression for A, is

(a) 12|axb| (b) 3|axb|
(c) 10|axb]| (d) 6|axb|
43. An expression for A, is
@) |axb| b) ~laxb|
(c) 2|axb| (d) 4laxb|
44, ﬂequals
ﬂl2
(a) 3 (b) 5 (c) 6 (d) 12



Paragraph for Question No. 45 to 48
Three vectors @, b and ¢ are forming a right handed
system, if ﬁ}{f_:;:E, bxec=da, Cxd=b.

45. If¥=d+b-c, y=—d+b—-2¢,Z=—d+2b -G,
then a unit vector normal to the vector x + y and
y+2zis
(a) a
(c) ¢
46. Vectors 2d —3b +4¢,d+2b—cand xd—b +2¢
are coplanar, then x =
(a) 8/5

(c) 0

47. Letx=d+b o = 2d —b, then the point of
intersection of straight lines ¥ xX =y XX and
FXYy=XXY is

—_—

(b) b

(d) none of these

(b) 5/8
(d) none of these

(a) 2b (b) 3b
(c) 3a (d) none of these
48. G-(bx¢)+b-(¢xd)+c-(@xb) isequal to
(a) 1 (b) 3
(c) O (d) none of these

Paragraph for Question No. 49 to 51
Let a plane Py passes through the point (1,-2, 3) and
is parallel to the plane P, given by 2x - 2y + z = 0.

49. 'The distance of the point (-1, 2, 0) from the

plane P; is
(a) 2 units (b) 3 units
(c) 5 units (d) 7 units

50. The coordinate of the foot of perpendicular
drawn from point (1, -2, 3) to the plane P, is

(EJ {ﬂr [], D) (bJ (—L ﬂr 2)

() (1,0,-2) (d) (2,0, -4)

51. The distance between parallel planes P, and P,

15

(a) 2 units (b) 3 units (c) 5units (d) 7 units
Paragraph for Question No. 52 and 53

Let A(2,3,5),B(-1, 3,2), C(A, 5, W) are the vertices of

a triangle and its median through A i.e, AD is equally

inclined to the coordinate axes.

52. The value of 2A - L is equal to
(a) 13 (b) 4
(c) 3 (d) none of these

53. Projection of AB on BC is

83 —8/3
(a) T (b) x/ﬁ

Paragraph for Question No. 54 to 56
Consider a plane x + y - z = 1 and the point
A(l, 2, -3). A line L has the equation x = 1 + 3r,
y=2-randz=3 +4r.

(c) -48 (d) 48

54. The coordinate of a point B on line L such that
AB is parallel to the plane is

(a) (10, -1, 15) (b) (-5, 4, -5)

(c) (4,1,7) (d) (-8,5,-9)

55. The equation of the plane containing the line L
and the point A has the equation

(a) x-3y+5=0 (b) x+3y-7=0

(c) 3x-y-1=0 (d) 3x+y-5=0

56. The distance between the points on the line
which are at a distance of 4/+/3 from the plane is
(a) 4V26 (b) 20

(c) 10313 (d) 30

Matrix Match Type

M M M
57. Given two vectors d=—i+2j+2k and

— I A A
b=-2i+j+2k.

Column I _Culumn 11

(A) .A vector coplanar

P | 37+3]+4k

with a@ and b is

A vector which is | (q) |
perpendicular to

both @ and b is

(B) 2i-2j+3k

(r) :f:~ A

A vector which is
i+

equally inclined to
d and b is

A vector which
forms a triangle with

(D)

dand b is
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58. Match the following:

(A)

(B)

line is
- 4: _9 4 1
IfG=2i+2]+k, (r) |7
g A A A o
b=xi+yj+zk, a-b=14
ixb=3i+j-8k,then
|x+y+z= -
(s) |8
59. Match the following:
Column I Column IT

(A)

(D)

58

Column I Column I1

If @, b, € are three unit vectors, (P) 5
then

G-bP +|b-c|f +|c-al

does not exceed

The perpendicular distance (q) 9
from the point (2, 4, -1) to the

XE5 yE3 26

Pisa point on the segment of the (p) | 19

line joining (3, 3, 5) and (4, 6, 7)

dividing it in the ratio k : 1 and

also projection OP (O, origin) on
32 .42 55

coordinate axes are S —
9 9 9

then value of k is

A3, 4, 6), B(0, 4, 3), C(a, 6, b) (q) |35

are the vertices of a triangle ABC
such that the median through A is
equally inclined to the coordinate
axes, the a + b is

oo XL =12 27 (r) 115
¢ linc =1 5 3

intersects the curve yz=k, x =0,
then the value of & is

Given |p| =242, |G|=3. Angle (s) |12
between pandqg is m/4. If
i=p-3G,b=5p+2G form the
adjacent sides of a parallelogram
then the length of a diagonal is

() |5/4
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Integer Answer Type
60. Let the lines
- A A A A A
Y=(7i+6] +2£}+s{—3i +2j+4k) and
?={5?+3j+4£]+r(z?+j+3£)
be intersected by a line parallel to the vector
2 ?—2}—£ at P, Q respectively. Then |PT] | =
61. If axb=¢,bxc=ad,cxd=>band if vectors
d,band ¢ are forming a right handed system,
then the volume of tetrahedron formed by vectors
33 —2b+2¢, —a—2¢ and 24 -3b+4¢is
62. The position vectors of the vertices A, B, C

of a tetrahedron ABCD are ?+}+£, ? and 3?
respectively and the altitude from the vertex D to
the opposite face ABC meets the face at E. If the
length of the edge AD is 4 and the volume of the

22

tetrahedron is TE ,then the length of DE is

63. If d,b are vectors perpendicular to each other
and |d|=2,|b|=3,¢xd=b, then the least value
of 2|c—ad| is

64. The square of the distance between the
line y=2 i 2}}+3£+ l[?+5}+£} and the plane
3G} +afy=10,is

65. If Ix + 13y + mz + n = 0 is the plane through
the intersection of the planes 2x + 3y —z+ 1 =0 and

x+v-2z+ 3 =0and is perpendicular to the plane
3x-y-2z=4then, [+ m+n=

1. (d): ax(@xb)=¢ = |a||axb|=|¢]
= ](le]sinB=3=,‘=rsinH:§give5 tanH:%

2. (b): From the figure, the vector equation of OP
2 M M

is r=i+j+k.

OM = projection of OC on OP

A M ;E‘"l.{
Sre e 1
) o A i A

NEN INC]




Now CM? = 0C? - OM? :1_122

3 5
. e
3

X

3. (c): pxg,p,q are non-coplanar vectors.
= b-c=0,c—a=0,a-b=0
= a=b=c = Aisequilateral.

4. (d): (@xb)x(¢xd)=[a b d)c—[a b ¢&ld
=—4¢ —4d
= -8i | to both y and z-axes.
5. (d): Translating the axes through A(1, 2, 3)
A changes to (0, 0, 0), B changes to (8, 6, 2)
Coterminous edges are of lengths 8, 6, 2
Volume of parallelopiped = 8-6:2 = 96 cu.units

6. (d): The line through A(1, 2, 3), having dr’s
(3,4,5)is 7=(1,2,3)+£(3,4,5)

Any points on it = (1 + 3t, 2 + 4t, 3 + 5¢), t being
scalar.

If (1 + 31, 2 + 4¢, 3 + 5¢) lies on the plane, then
1+3t+2(2+41)-3(3+5t)=5

= —-44=9 = t=—

4
-23 -28 -33
So the point is , , =B
4 4 4
2 2 2
AB= (Hﬁ T RO
4 4 4

_45\2
4

= i\/zﬁ +36% +45°
7. (d): Sinced, b, ¢ arenon-coplanar = [d b ¢]#0
Also = dxb,bx¢,¢xa are non-coplanar. Given,
d = sin x(d@ x b)+cosy(b x ¢) +2(¢ xa) . Taking dot
product with a +b+¢, we get

0=sinx[d b ¢]+cos y[db E]+2[d b c]

= six+cosy+2=0 = sinx+ cosy=-2

= x={4n—1}g, y=02n-1)m, neZ

=1
For least value of 12 g }’Z,I =—,¥y=T and least
2 2
. 5m
value is ——.
4

8. (a):Cartesian equations of planes are

ox + Py =0 L)
By+yz=0 il 2)
Yz+0ox =0 wo3)
ox+Py+yz=p . (4)

(

(4) cuts (1) at | 0,0, %] ; (4) cuts (2) at (ﬁfﬂf GJ

\

: .
(4) cuts (3) at | 0, E, DJ
. P

(1), (2), (3) are coordinate planes intersecting at
(0, 0, 0). So, lengths of the coterminous edges are

EE‘E
ol Bl |y

So volume of tetrahedron is

¥

3

60y

9. (c) : Required plane is passing through (1, 2, 3)
and normal to the line joining (1, 2, 3) and (-1, 1, 1)
Hence2(x - 1)+ 1(y-2)+2(z-3)=0

le. 2x+y+2z=10

10. (a): Q=(2r+ 1,4r + 3, 3r + 2)

drsof PQ=(2r-2,4r -5, 3r)

dr’s of normal to plane = (3, 2, -2)

cu.units.

Since PQ L normal to plane
= 32r-2)+2(4r-5-203r)=0 = r=2

Q=(511,8) = .. Required distance PQ = 7
11. (d) : Let Q = (r, r, -r) lie on given line such that
PQ is perpendicular to % = % = il
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S (O=r)- 14 (P=1)-1+{y+r)}-=1)=0
_o+p-y
3

. PQE :g{mz +BE +'f2 — o+ Py +yo}

=

but PQ = 2 {L distance from P(ct, B, y) to plane
x+y+z=0}

2
= %(aldrﬁz +y° —mB+B?+*fu):4{ﬁ+\%+?}>

Lol +[3;1 +1r3 +50P + 3Py +3ya=0

12. (b) : Equation of given plane is L % +2=1
a c
Given,a? + b* +c2=9
; . 1 1 1
dr's of normal to the plane is (—, it § —J
a b

Let P be the foot of the perpendicular then
dr's of OP = (xy, ¥1, 21)
OP is parallel to normal

Il — yl = zl =k:} ﬂzi;bzi,fzi
1fa ‘Lik lic X N zZ
, 2. 32, 2 x| i 1 1
Sincea” +b° +c¢“ =9= k [ == 2]=‘;7+ (i)
X1 N 4
By substituting a = i,b = i,c = L in
X N £

X z
1+}’1+ L_1,wegetxt+yf+zf =k
a b ¢

From (i), (xF + yf +28)2(x{ 2 + y1 % +27%)=9
13. (d) : Suppose M divides AC in the ratio A : 1.
Then

(—4,’“1 I, ,l+2)
R (s (o |

s Eﬁ:{—al —3A—6 A+z}

NET AT YRR

and AC=(=5,3,—1). Now BM 1 AC
— 250 -9A-18-A-2=0

4

:>15l=2{1:>l=§

. m:(—zni-anbm
7 F 7
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14. (b) : Direction ratios of line I is

PGk
3 2 1|=i(=5)-j(=7)+kA)=(-5,7, 1)
1 1 =2

Direction ratios of line II is

i ik
1 -1 4|=i(0)-j(-8)+k(2)=(0, 8, 2)
1 1 —4

Let O be angle between the lines, then
(—=5x0)+(7x8)+(1x2)

J25+49+1/0+ 64+ 4

cosB =

— O=cos . [

58 }=cﬂs“{ 29 }
(5v3)(2V17) 5751

15. (d): If P is a variable point on the required
plane , then the equation of the plane is

[AP AB AB x AC]=0

16. (c) : Here P and Q lie on the same side of XY
plane.

Image of P(1, 2, 3) on the XY plane is P(1, 2, -3)

x=3 y—=2 z-5

Reflected ray P'Q is
y P'Q 5 :

XmJ: Pemid T=D
1 0 4
17. (¢) : Observe that the distance from the origin
to the plane is invariant, since the origin and the

plane are fixed.
18. (b) : Required distance
ax, +by; +cz; +d

—

|lacoso+bcosP+ccosy
3+4+5-2 iy
=11 2 2|
¥ .3 i3
1 2 2
Using (cos o, cosfP,cosy)=| —,—,—
g B, cosy (3 3 3]

19. (a) : Point (1, - 1, 3) lies on plane,
x-2y-z=0.So!llines in P.

20. (a) : P(a, b, =¢); Q(-a, b, ¢) ; R(a, =-b, ¢)

j G:[Eiin
33D

OAG are collinear.



21. (a) : Equation of plane through (1, 0, -1) will
be a(x - 1)+ b(y - 0) + ¢(z + 1) passing through
(3,2, 2) gives 2a + 2b + 3¢ = 0 and parallel to given

b ¢
line givesa-2b+3c=0 =2 —=—=—
4 -1 -2

Equation of plane will be 4x - y -2z -6 =0

22. (a, b) : We have,

old@xb)+PB(bxE)+y(Exad)=0

Taking dot product with ¢, we have
alabe)+Plbec]+y[cac]=0

ie. ofd b c]+0+0=0 = ald b c]=0

Similarly, taking dot product with b and @, we have
v[d@ b ¢]=0,B[d@ b ¢]=0

Now, even if one of o, 3, v # 0, then we have

[db¢]1=0

—

= 4, b, ¢ are coplanar.

23. (b, ¢, d) :

(a) ax(bxé)+bx(Exa)+éx(@xb)=0

=> vectors are coplanar, so do not form right handed
system.

(b) (a KEJEE, axb, ¢ in that order form right
handed system.

= ¢, (@xb)xé, daxb also form right handed
system as they are in same cyclic order.

() a+b+c=0 = (@+b+c)* =0

= @ +b*+¢* =-2G-b+b-¢+¢-a)

Hence d@-b+b-¢+¢-d<0

(d) G+b+¢=0 = axb=bx¢=¢xad

Using this we get result.

—

24. (a,b,c,d) : Since 4 b,dxb are non - coplanar,
szﬁ—kyb—kz(ﬁxg)

=%

Xxb=d = x(@xb)+z(@axb)xb=a
= x(@xb)+z{(b-@a)b—(b-b)a}=a

= x(@xb)-d(+|b[ z)=0
1
= x=0,z=——

b
-
(@ xb), where y is any scalar.

F:}:E— —
b

25. (b, ¢, d) : Let angle between a and bbeO.
We have, |d|=|b|=1

14
YL (Etan 3-,5)
(0, 5) "~ 4>

— 0 I . B
N{]W,lﬂ+b|=2¢:{}55 and|a—b|=251n5

Consider F(0)= E(Z CDSE) +2 [2 sin E]
= 2 2

0 0
F(B)=3CGSE+4SiHE,E}E[ﬂ, ]

s FA)= _—3s,i:l;1E+2+::a:JsE
2 2 2

Now, F(B) =0 = tang=§

Clearly, F(0) =3

o 2ol

9 16 25
3 B D
F(0 =mn) =4, Range = (3, 5]

Hence possible integer(s) in the range of F(0) in
[0, 7] are 3. viz. 3, 4 and 5.

26. (b, d) : Let ¥ =(x, y, z) be a point in the plane

A A o BEE B B
containing i and i+ then r—1,1,1+] will be
coplanar i.e. z=0

A M ] M
The equation of plane containing i — j and i+k is
X+y-—z=1U
A, M My

Let a=ayita, jtask
a;=0,a;+a,=0

s E H 0 +1
sod=a)(i-j) = cosO=x—
1 Nz

27. (a,d) : Let ¥=xd+ yb+z(dxb).

Taking dot product with b
= 7-b=0+y|b[; a(F-b)= y(b)*a
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o e L 1. ylbf .
s c—pr:y|b|2a::>F:—c—’v| | a
P P
sge e
[ @ ¢]=0. Now 7-b=—¢-b
p
ylEp=tC -~ F=le-—Goa
p P p

28. (a, b, d) : (A—-1)(d, —a,)+W(d, +d3)
+Y(ds +d, —2d,)+d; +8d, =0
e, (A=Dd;+(1—-A+u—27)d, +(U+y+1)d,
+(y+8)d, =0

Since d,, d,,dy, d, are linearly independent.
A=-1=0,1-A+u-2y=0,u+y+1=0,

Y+0=0
ie. A=L,Lu=2y,u+y+1=0,y+6=0
; 2 1 1
ie. A=Lu=—-—,y=——,0=—
: 3 . 3 3

29. (b, ¢) : For A(1, 1, 1),
2X=y=3z2=-5=2-1-5-5<0(
For B(2,1,-3),2x-y-32-5=4-1+9-5>0
For C(1,-2,-2),2x-y-3z-5=24+2+6-5>0
For D(-3,1,2),2x-y-3z-5=-6-1-6-5<0
A, D are on one side of the plane and B, C are on
the other side.
The line segments AB, AC, BD, CD intersect the
plane.

30. (a, b, ¢, d) : Conditions for the plane
ax + by + cz + d = 0 to contain the line

I—':i:y_[')):E_?r are act + b + cy +d =0
l m n
and al + bm + cn = 0.

Here the condition is satistied for option (a).
For option (c), normal to plane and given line
have same d.r’s.

The line is L to the given plane.

For option (b), clearly the point satisfies the given
plane.
The d.r's of normal to the plane in option (d) are
(1, =2, 7) which are same as the d.r’s of normal to
the given plane.

The plane given in option (d) is parallel to given
plane.
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31. (b, c) : d.c’s of diagonals are
-1 1

GahEalEas)

1 1 =1
[ﬁ ‘33 ]
Let <l, m, n>be the d.c's of line which makes an
angle o, 3, v, 0 with the diagonals, then

[+m+n —l+m+n
cosoL=———7r—,cosP= ,
J3 J3
CGST—E_m+H msﬁ_f—km—n
NER i3
4
5 Cos® oL+ cos” B+ cos’ v+ cos” &= =
8
= sin2a+sin2[3+sinz?+sin28=§

= -2b.c=-2¢-da=(@-b)-c=0

or BA-OC=0. Hence AB_LOC
Similarly BC 1. OAand CA L OB

33. (b,c):dr'sof AB = (-1, -2, 2)
drsof CD=(2,3,4). ..ABLCD

d.c's of CD :( 2 : ) : ! )
V29 V29 29
Projection of AB on CD is zero.

34. (a, b, ¢) : Intersection of line with both the

planes are same
3 -6

3[.’)2 +6(1-20)+3 601> +6(1-2p)+6

—

= 3B-1*+3(0-2)° =0= a=2, f=1.

35. (a,b,¢): =
Px, y, z)
r i
5 :
0 9{]—55 >y
U :
X M



If P be (x, y, z) then from the figure,

OM = rcos(90 - 8) = r sinB
= x = rsinb cos®, y = rsin0 sind, z = rcosO
= 1 =rsin0 cos, 2 = rsind sind, 3 = rcosO
= 12+22+3% = = r=tJ14

1 2 2
. sinOcos =——, sinOsind =——, cosf=—=

V14 Jia V14

(Neglecting negative sign as 0 and ¢ are acute).
sinBsing 2
smﬂcasﬁu 1

Also, tanB = —5

o
36. (c) : .I?-ijj' (XOY plane)

We have, r.(lﬂ;—ﬂx—r}z-&l{}
= x*+y*+8x-10y+40=0
Centre (—4, 5), radius = V16 + 25— 40 =1

37. (d): p; = (CP + r)2, p2 = (CP - r)2

&

o)

—=tan(=2.

p=(2\2+1)2, p, =(2v2-1)?

38. (a) : Equation of tangent at D(2, 2) to y = 8/x?

is2x+y=26
E=(3,0)=0E=3i (.

= p+p, =18

point E lies on X-axis)

e S ——,

OD= 21+2;,DE—:—2; DE-OE =3.
39. (¢): Leta=(3,8,3),c =(-3,-7,6),
b=31-7+k d=-31+27+4k
Shortest distance between Ly, L, is

(¢ —a)-(bxd) 270 270
it = = = /270
‘h xd‘ i, 270
—6i—15j+ 3k

40. (b) : Notice that line joining the points (3, 8, 3)
and (-3, -7, 6) is line with d.r's (6, 15, -3) & is
perpendicular to both L; & L,.

So take A = (3, 8, 3), B = (-3, -7, 6)

41. (a) : Line of shortest distance is line joining AB
only in this case (given in passage)

As d.r'sof AB are (6, 15, -3) or (2, 5, -1)
Equation of line AB passing through (3, 8, 3) is
X—=3 N=d4 2-35
2 5 -l
42. (d):

(o)

A(d)

| Cii iy
A, = | BA xOC|
: ~ . -
=E‘ (ﬁ—b)}{(lﬂﬁ+25}‘=6|ﬁ}{b|

43. (a): A, =|axb]

44, (c) : A zﬁlﬁ%l:
A, |axb]
45. (d): ¥+y=2b-3¢and y+Z=-2d+3b -3¢
i b ¢
s FHPX(GF+E)=|0 2 -3[=3G+6b+4C
-2 3 =3
Required unit vector = L +jb—+ =
2 -3 4 °!
46. (a): |1 2 —-1/=0
x =1 2
= 2(4-1)+32+x)+4(-1-2x) =0 :x=§
47. (c) :
F}{i&—}}{f:(?—j}]xi—ﬂ = F=J+AX
rXy=xXy= (r—X)Xxy=0=r=x+Ny

= F+AX=X+Ny

— (2a-b)+Ma+b)=(a+b)+ud-"b)

= 2+A=14+20-1+A=1-p=2pn=1A=1
The point of intersection is 3d.

48. (b):dxb=c= ¢-@@xb)=¢-c=1= [abc]=1
- (bx¢)+b-(cxad)+c-(@xb)=
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49. (c) 50. (b) 51. (b)
The equation of the plane P, is 2x -2y + z= A

Since, it passes through (1, -2, 3) A=9
So,Pis2x-2y+z=9
Its distance from point (-1, 2, 0) is
2% (-1)-2x(2)+0-9 |
= 5> units

3
Now, the line perpendicular to plane P, and passing

through (1, -2, 3) is given by

x=1. y+2 z-=3

g =)

Any point on this line can be taken as

(24T, =26=2, 1+ 3)
If it lies on plane P, then, we have

22t +1) - 2(-2t-2)+t+3=0
= H+9=0 = f=-1
So, the coordinate of the foot of perpendicular drawn
from point (1, -2, 3) to the plane P, is (-1, 0, 2).
Again, the distance between the parallel planes
2x-2y+2z-9=0and 2x - 2y + z =0 is given by

|9*U| =2=3unit5

2+ (<2241 3

A=1 +2
52. (b) : Mid point of BC, D=(T, :HT]
d.r'sof AD =[}L_5:1,M_8J
2 2
Since AD is equally inclined to axes
= A= N=10=24 -l =4
53 (B):=A(2, 3,5), B(-1, 3, 2) C({7, 5, 10)
AB=-3i-3k,BC=8i+2]+8k
— — AB-BC -
Projection of ABon BC = _,Cz 33
BC| V11
=1 -2 .
54. (d): The given line is I3 =J"1 ::54 =7

Any pointsay B=(3r+ 1,2 - r, 3 + 4r) (on the line L)
E={3r,—r,4f+6}
Since AB is paralleltox + y -z = 1.
= 3r-r-4r-6=0= r=-3
B=(-8,5,-9)

55. (b) : The equation of plane containing the line
Lisa(x-1)+ b(y - 2) + ¢(z - 3) = 0....(1), where

3a-b+4c=0
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Since (i), also contains the point A(1, 2, -3).
Hencec=0and 3a=">

The equation of the planeis x - 1 + 3(y - 2) =0,
or Xx+3y-7=0

56. (a) : The distance of point
(1 +3r,2-r, 3 + 4r) from the plane is
|114+3r+2—r—3—4r| |2r] 4
JI#1+1 w3 i
=% =kl

Hence, the points are A(7, 0, 11) and B(-5, 4, - 5)

— AB=+/416 =426

57. (A>r;B>qC>s;D>p)

(A) Vector i + ; is coplanar with d and b.

i
!

]
(B) axb=|-1 2
-2 1

=27 -27+3k

SR -

(C) If ¢ isequallyinclined to a and b, then we must

. Y = A ol o
have a-c =b-¢, which is true for c=i - j+5k

(D) If vector ¢ is forming a triangle with 4 and b.
Then

c=a+b=-31+3]+4k.
58. (A>q¢B->r;Cos)
(A) (G+b+5)° 20 = —2@ -b+b-c+c-3)<3
~12 |- 2
= |a-b| +fp-¢| +[c-al’ <20+1+1)+3=9
(E) P = (_5? _3:- 6}1 Q - [2!1 "L _l};. PQ=’\|']_4? ﬂnd
Projection of Pszf% s QM =+/147-98 =7
(C) ax(@xb)=-17i+19j-4k
= (@-b)a—(G-a)b=-171+19 j— 4k
= 144-9b =-171+19j- 4k
= b=5i+j+2k=>x+y+z=8
59. A>tB>pC>qD->r1)
32, 424 557

(A) @:—z+—j+—k
o 9 9

4k+3 32 6k+3 42 7k+5 55
k+1 9 k+1 9 k+1 9
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All these gives k = 2

- . 4 a _b+3
(B) Mid point D of BC = (EET]
Direction ratios of median AD are

(-5)e(%52))

This is equally inclined to the axes.

A(3, 4, 6)
B(0,4,3) D C(a, 6, b)
3-Z=-1, 6_(_b+3J:_1
2

= a=8b=11 = a+b=19
(C) Solve with x =0
y—12

L = l=y=7,
= y

yz=k = k=35

—7
s o B lE

(D) One diagonal is given by @ +b =6 p—

(Length)? = 36 |B[” +|q|” —12.|3/[4] cos— =225
l
Length =+/225=15
Other diagonal =4 p+ 5q
1

V2

(Length)? = (16 8) + (25X 9) +40-2+/2 -3-

Length =+/593

=593

60. (9):Let P=(7 - 35,6 + 25,2 + 4s)
Q=05+23+14+31)
PQ is parallel to thz’f‘—zj"—ﬁ)

ie. PQ=A271-27-k)

PQ=0Q-0OP=(-2+2t+3s,-3+1t-252+3t—4s)
~2+2t+3s=2A; -3 +1t-2s==2A;
24+3t-4s=-A

Solving, weget A=3, .. ‘PQ‘=3|2?—2}—E|=9
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61. (2): |d|=|b|=|¢|=1 [abc)=1

-
Volume of the tetrahedron = E[ﬁ bcl
8 =2 £
1
==-1 0 =2(=2
6
2 =3 4

62. (2): gc is the x-axis and AB 1 BC

Area of ﬂ.ABC=l}¢: 2}{2:\5

2
] %3

Vﬂlumezg}i ZKDE:T:}DEZZ

. Exd=b=|c xa|=|b|=1¢|asin6 =3,
3

—

= |¢|=

= |e-af’ =|¢]’ +|a|’ -2¢-a
= |E|2 +4-2|cl|-|a|cos®

+4-2. -2-.cosB

4sin 0 2sin0

2
9 9 (3
= 4+=cosec’B—-6cotB = —+(—£ﬂt9—2]
4 4 2

9

= |e-af >- = |e-2 >

>
2

= 2|¢-a|=3 .. Min. of 2|¢ —a|=3
64. (2) : See that line is 1" to plane as
{?+5f+£}[?—f+4£}=1—5+4=ﬂ

So, distance between line & plane = distance from
(2,-2, 3) to the plane x - y + 4z = 10
2+2+12-10

.

V1+1+16

Square of the distance = 2

65 (2):The given plane will be of the form
2x+3y-z+1+AMx+y-2z+3)=0.If thisis
perpendicular to 3x - y - 2z - 4 = 0, then
3A+2)+(-DYB+A)+(-2) (-1 -2 =0

= 6A+5=0 = A=-5/6

The planeis 7x + 13y + 4z -9=0
HE
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Series- 8 Linear Programming & Probability

LINEAR PROGRAMMING

OPTIMISATION PROBLEM

A problem in which a linear function is to be
optimised (maximise or minimise) satisfying certain
linear inequalities is called optimisation problem.

LINEAR PROGRAMMING PROBLEM (L.P.P.)

It is a method of determining a particular program
or plane of action to optimise a linear function of two
variables (say x and y) known as objective function
subject to the conditions that the variables are
non-negative and satisfy a set of linear inequalities
(called linear constraints).

FORMATION OF LINEAR PROGRAMMING
PROBLEM (L.P.P.)

Let xy, x5, X3, ..., X,, be n variables. Let the objective

function to be optimised (i.e., minimised or

maximised) is given by Z.

(i) Z=cx;+ %y +... + ¢, X, where¢ys(i=1, 2, ..., n)
are constants.

(ii) Let there be mn constants and let b; be a set of

constants such that
aj;x] + ap Xz + e + ay, X, (S, = 0r 2)by
A1 X] T dry X + ..oo. T Aoy Xy {E, = 0r :_:'}E?g

Ayl X1+ X3+ oo + Ay X, (S, = 01 2)b,,,

(iii) Finally, let x, 20, x, 20, ..., x,, 20, are called
non-negative constraints.

The problem of determining the values of

X1s X35 o0 X, Which makes Z, a minimum or maximum

and which satisfies (ii) and (iii) is called the general

linear programming problem.

TERMS USED IN L.P.P.

Objective function : The linear function which
is to be optimised (maximised or minimised)
is called linear objective function.

For example, linear function Z = ax + by, where
a and b are constants is a linear objective
function.

Decision variables : The variables that enter
into the problem are called decision variables.

In the objective function Z = ax + by, x and y
are called decision variables.

Linear constraints : The linear inequations
(inequalities) or restrictions on the decision
variables of a linear programming problem is
called linear constraints. The conditions x = 0,

y 2 0 are called non-negative constraints.

Convex region : A region or a set of points is
said to be convex if the line joining any two of
its points lies completely in the region.

Feasible region The common region
determined by all the constraints including
non-negative constraints of a L.P.P. is called
the feasible region or solution region. Feasible
region is always a convex set. Feasible region
may be bounded or unbounded.

Bounded and unbounded feasible regions :
A feasible region of a system of linear
inequations is said to be bounded if it can be
enclosed within a circle. But if the feasible
region extends indefinitely in any direction,
then the feasible region is called unbounded.
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e Corner points of a feasible region : A point
in the region which is the intersection of two
boundary lines are called corner points.

e Feasible solutions : Points within and on
the boundary of the feasible region of a L.P.P.
represent feasible solutions.

e Infeasible solutions : Any point outside the
feasible region is called infeasible solution.

e Optimal (feasible) solution : Any point in
the feasible region that gives the optimal value
(maximum or minimum) of the objective
function is called optimal solution.

FUNDAMENTAL THEOREMS

e Let R be the feasible region (convex polygon)
for a L.P.P. and let Z = ax + by be the objective
function. When Z has an optimal value
(maximum or minimum), where the variables
x and y are subject to constraints described
by linear inequalities, this optimal value must
occur at a corner point (vertex) of the feasible
region.

e Let R be the feasible region for a L.P.P. and let

Z = ax + by be the objective function.

(i) IfRisbounded, then the objective function
Z has both a maximum and a minimum
value on R and each of these occurs at a
corner point of R.

(ii) If the feasible region R is unbounded, then
a maximum or a minimum value of the
objective function may or may not exist.
However, if it exists, it must occur at a
corner point of R.

GRAPHICAL METHODS FOR SOLVING L.P.P.

e Corner Point Method : For solving a L.P.P. the
method comprises of the following steps :

1. Find the feasible region of the L.P.P. and
determine its corner points (vertices).

2. Evaluate the objective function Z = ax + by at
each corner point. Let M and m respectively
be the largest and smallest values at these
points.

3. If the feasible region is bounded, M
and m respectively are the maximum
and minimum values of the objective
function.
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4, If the feasible region is unbounded, then

(i) M is the maximum value of the objective
function, if the open half plane determined
by ax + by > M has no point in common
with the feasible region. Otherwise, the
objective function has no maximum value.

(ii) m is the minimum value of the objective
function, if the open half plane determined
by ax + by < m has no point in common
with the feasible region. Otherwise, the
objective function has no minimum value.

[f two corner points of the feasible region
are both optimal solutions of the same type,
i.e., both produce the same maximum or
minimum, then any point on the line segment
joining these two points is also an optimal
solution of the same type.

Iso-Profit or Iso-Cost Method : This is
an alternate and more general method for
finding the optimal solution of a L.P.P. In this
method, we first give any suitable constant
value, say Z, to the objective function and
draw the corresponding line of the objective
function. This line is called iso-profit or
iso-cost line. Since every point on this line will
yield the same profit or cost Z. After that we
draw another line by giving another value say
Z, to the objective function. The two lines are
parallel to each other. If the objective function
is of maximisation type, then we move the line
corresponding to Z, to the line corresponding
to Z, farthest from the origin and has atleast
one point common to the feasible region.
If the objective function is of minimisation
type, then we move the line corresponding to
Z, to the line corresponding to Z,, nearest to
the origin and has atleast one point common
to the feasible region. The optimal solution
will be obtained by the common point and the
value of the objective function at these points
gives the optimal solution.

DIFFERENT TYPES OF LINEAR PROGRAMMING
PROBLEMS

Diet problems : In diet problems, amount of
different kinds of nutrients/constituents which
are to be included in a diet are determined so



as to minimise the cost of the desired diet such
that it contains a certain minimum amount of
each nutrient/constituents.

e Manufacturing problems (optimal product
line problems) : In such type of problems, the
number of units of different products which is to
be produced and sold by afirm when each product
requires a fixed manpower, machine hour, labour
hour per unit of product, warehouse space per
unit of the output etc., are to be determined so as

to achieve maximum profit.

e Transportation problems : In such type of
problems, a transportation schedule, so as
to find the cheapest way of transporting
a product from plants/factories situated

at different locations to different markets

is to be determined so as to minimise the
cost of transportation subject to limitations

(constraints) of demand of each market and

supply from each plant or factory.

PROBABILITY

CONDITIONAL PROBABILITY

Let A and B be two events associated with a random
experiment. Then the probability of occurrence of
A under the condition that B has already occurred
and P(B) # 0 is called conditional probability and it
is denoted by P(A|B).
P(A|B) = Probability of occurrence of A given
that B has already occurred.
P(B|A) = Probability of occurrence of B given
that A has already occurred.

P(A and B) _ P(ANB)

P(A|B)= :P(B)#0
P(B) P(B)
pB|Ay=A2Md D) _PANE) 4oy g
P4 PA)

Properties of Conditional Probability

e Let E and F be events of a sample space S of an
experiment, then
P(S|F) = P(F|F) = 1
e If A and B are any two events of a sample space
S and F is an event of § such that P(F) # 0,
then
P((A U B)|F) = P(A|F) + P(B|F) - P((A N B)|F)
In particular, if A and B are disjoint events,
then P((A U B)|F) = P(A|F) + P(B|F)
e P(E|F)=1- P(E|F)
MULTIPLICATION THEOREM ON PROBABILITY
If A and B are two events associated with a random
experiment, then
P(AN B)=P(A) - P(B|A) ; P(A) #0
P(An B)=P(B)-P(A|B); P(B)#0
If A, Ay, As, ..., A, are n events related to a
random experiment, then

P(A;nAyn...nA,) = P(A)) - P(Ay|A;) x
P(A3|(A; N AY) X . X P(A (A N AN N Ay )
where P(A,|(A; N AN ..M A,_y)) represents
the conditional probability of the event A,,
given that the events A, A,, ..., A,_; have
happened.

INDEPENDENT EVENTS

Two events are said to be independent events ift
the probability of occurrence or non-occurrence
of one does not affect the probability of occurrence
or non-occurrence of the other. A and B are two
independent events if and only if
(i) P(A|B)=P(A) (ii) P(B|A) = P(B)
(iii) P(A n B) = P(A) - P(B) or P(A) - P(B|A)
(Multiplication theorem for independent events)
(iv) P(AUB)=1-P(A)-P(B)
(Addition theorem for independent events)
Note : (i) Two events A and B are said to be
dependent if they are not independent, i.e. if
P(A N B) # P(A) - P(B)
(ii) Three events A, B and C are said to be mutually
independent if
P(A N B) = P(A) P(B), P(A n C) = P(A) P(C)
P(B N C) = P(B) P(C) and
A N Bn C)=P(A) P(B) P(C)
It atleast one of the above is not true for three
given events, we say that the events are not
independent.

TOTAL PROBABILITY LAW

If {E,, E;, ..., E,} be a set of n mutually exclusive
and exhaustive events associated with a random
experiment and A be any event associated with
same experiment, then
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P(A) = P(E)PAJE)) + P(E)P(A|EY) + ...
..... + P(E,) P(A|E,) = Y P(E;)P(A| E;)

i=]
BAYES’ THEOREM
| 6 S L S e , E,, be a set of n mutually exclusive

and exhaustive events and A be any event associated
with the same experiment, then

P(A|E))P(E,)
{P(A|E))P(E;) + P(A| Ey)P(E,) +.....
s v P(A|E,)P(E,)}
P(A|E;)P(E;)
"
) P(A|E)P(E)
i=1
RANDOM VARIABLES
* A random variable is a real valued function
X defined on the sample space S of a random
experiment which associates a unique real

number X(x) to each x €8§.
Domain of X = S, Range of X = {X(x) : x € §}.

e If the random variable takes only a finite or an
infinite but countable values, then it is called a
discrete variable, and it is said to be continuous
if it can assume any real value.

e Probability Distribution of a Random
Variable X : Let X be a random variable defined

on the sample space S of a random experiment,

P(E,|A)=

= P(E;|A)=

assume values x;, x5,...., x,, € R with respective

probabilities p, p, ......., p,;, then
X : X1 X Xj...X,
P(X) : Pr P2 P3-Pn

is known as the probability distribution of X.

e Mean of a discrete random variable

The mean of a random variable X is also called
the expectation of X. i.e.,

H
E(X)=W=px; + PoXy + et PpX,, OF Y. PiX;
i=1
e Variance of a discrete random variable
H
Var(X)= Y, (x; - w)* p;
i=1

OR

' 2
Var(}{} = prxfz —[ 2 P,‘-x,'} = E(xz}_[E{X)]I
i=l

i=1
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H

o, =+ Var(X) = \/Z (x; - u)z p; is called the

i=1
standard deviation of the random variable X,
BERNOULLI TRIALS

Trials of a random experiment are called Bernoulli
trials, if they satisfies the following conditions:
(i) They should be finite in number.
(ii) They are independent of each other.
(iii) Each trial has exactly two outcomes : success
or failure.
(iv) The probability of success or failure remains
the same in each trial.

BINOMIAL DISTRIBUTION

e If we perform an experiment n times, then
we shall obtain 2" mutually exclusive and
exhaustive outcomes. Define arandom variable
X on the sample space S as “ the number of
successes in n trials, then X can take values
Ol 2. Bpmnens: , n. If r be any number from
{0, 1, ..., n}, then P(X = r) equals the probability
of r successes ((n — r) failures) in any specified
order multiplied by the number of times r
success can occur in # trials.

P(X=r)="C,p"q" ", where p is the probability

of success and g is the probability of failure.

e Mean and Variance of Binomial Distribution :
Mean = np and Variance = npq

VERY SHORT ANSWER TYPE (1 MARK)

1. The mean and variance of a binomial
distribution are 12 and 3 respectively. Find the
binomial distribution.

2. A fair coin and an unbiased die are tossed.
Let A be the event "head appears on the coin
and B be the event "3 on the die’ State whether
A and B are independent event or not.

3. If A and B are mutually exclusive events, find
P(A|B).

4. The corner points of the feasible region
determined by the system of linear constraints
are (0, 10), (5,5),(15,15), (0,20). Let Z=px + gy,
where p, g > 0. Find the condition on p and g so

that the maximum of Z occurs at both the points
(15, 15) and (0, 20).



5. The probability distribution of X is Items Number of hours required on Machine

X o |1 |2 |3 I 1) GO |

PX) (02 |k |k 2k M ' 1 2 ‘ 1

Write the value of k. N 2 1 1LZ5

SHORT ANSWER TYPE (4 MARKS) He makes a profit of ¥ 600 and ¥ 400 on items

M and N respectively. How many of each item
should he produce so as to maximise his profit
assuming that he can sell all the items that he
produced? What will be the maximum profit?

6. A student is given a test with 8 items of true-
false type. If he gets 6 or more items correct,
he is declared a pass. Given that he guesses the

answer to each item, compute the probability
that he will pass in the test. 11. A doctor is to visit a patient. From the past

experience it is known that the probabilities
of the doctor coming by train, bus, scooter

1 X 3 2

7. Determine the maximum value of Z = 4x + 3y
if the feasible region for an L.P.P. is shown in

figure. or taxi are — - = apnd = respectively.
10 5 10 5
The probabilities that he will be late are
1 1 1
—, —and — if he comes by train, bus or
4 3 12

scooter respectively, but by taxi he will not be
late. When he arrives, he is late. What is the
probability that he comes by bus?

12. Find the probability distribution of the number
of successes in two tosses of a dice, where
success is defined as ‘getting a number greater
than 4’ Also, find the mean and variance of the
distribution.

8. Theprobabilitythatstudententeringa university
will graduate is 0.4. Find the probability that
out of 3 students of the university :

(i) none will graduate, 13. Aman has < 1,500 for purchasing rice and wheat.
(ii) only one will graduate, A bag of rice and a bag of wheat cost I 180 and
(iii) all will graduate. < 120 respectively. He has the storage capacity of

atmost 10 bags. He earns a profitof ¥ 11 and ¥ 9
per bag of rice and wheat respectively. Formulate
the above problem as an L.P.P. to maximise the

9. A family has two children. What is the
probability that both the children are boys,
given that atleast one of them is a boy?

LONG ANSWER TYPE (6 MARKS) profit and solve it graphically.

14. Determine graphically the minimum value of
the objective function

Z=-50x+ 20y cisl1)

Subject to the constraints :

10. A manufacturer has three machines, I, II and
[T installed in his factory. Machines I and II are
capable of being operated for atmost 12 hours
whereas machine I1I must be operated for atleast

5 hours a day. He produces only two items M 2% P E =D ...(i1)
and N each requiring the use of all the three 3x+y=3 ...(iii)
machines. The number of hours required for 2x-3y< 12 (i)

producing 1 unit each of M and N on the three
machines are given in the following table :

x20,y20 . (V)

MATHEMATICS TODAY I JANUARY 15 71



15. A speaks the truth 8 times out of 10 times. A die

is tossed. He reports that it was 5. What is the
probability that it was actually 52

SOLUTIONS
: npqg 3 1
1. Givennp=12;npg=3 = = = g=—
p pq T
.
p q 1

Asnp=12 = HKEZIZ = n=16
4 1 3 16
. Binomial distribution is (g + p)" = (_ +_]
4 4

We have, P(Ajzl and P(B}zl
2 6
Also, P(A m B) = P (head appears on coin and

1
3 on the die)=—
on the die) 1

Clearly, P(A N B) = P(A) x P(B)
Thus, A and B are independent events.

Since A and B are mutually exclusive events,
therefore AMB=¢
P(ANB) _ P(0) _

P(B) P(B)
Since maximum of Z occurs at (15, 15) and
(0,20) .. 15p + 15g=0-p + 20q = q = 3p.
We have, ZP(X) =1
= ) 2+dk=]1 = de=08 = k=02

Let

E, : Student makes a guess and gets true answer.
E, : Student makes a guess and gets false answer.
A : The event that the student will pass the test.

P(Elsz(Ez)zé

Now, P(A|B)=

3 3
P(A|E1)=§= P(A|E2):§

P(E,)-P(A|E))

P(E, |A)=— : - -
P(E,)-P(A|E,)+P(E,)-P(A|E,)
13
__ 2 8 _3
1 3 1 5 8
M= — M
28 2 8

The feasible region is bounded. Therefore
maximum of Z must occur at the corner points
of the feasible region.
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|. Corner Pﬂint“_ Z=4x+ 3y 1

0(0, 0) 4(0)+3(0)=0

A(25,0) 4(25) + 3(0) = 100

B(16, 16) 4(16) + 3(16) = 112 «—(Maximum)
C(0, 24) 4(0) + 3(24) = 72

10.

Hence, the maximum value of Zis 112,

Let X denote the number of students who
graduated.
Now, the probability that a student graduates,
p=04..g=1-p=1-04=06
(i) P(none will graduate) = P(X = 0)
= "Cq p¥q" ~ 0 =3Cy(0.4)° (0.6)° = 0.216
(ii) P (only one will graduate) = P(X = 1)
="C, plg" ~1=3C;(0.4)! (0.6)* = 0.432
(iii) P (all will graduate) = P(X = 3)
=1C; . p°q" 3 =3C5(0.4)° (0.6)° = 0.064

Let B denote boy and G denote girl. Thus, we
have
Sample Space (S) = {(B, G), (G, B), (B, B), (G, G)}
Now, let E be the event that both the children
are boys and F be the event that atleast one of
the child is a boy.
BB Bl = FHE) =1
F={(B, G),(G, B), (B, B)} = n(F) =3
ENnF={(B,B)}=n(EnF)=1and n(S) =4
.F'(E}=i:.P[JF)=§,P'(J‘E.-"‘1F}=l

4
Thus, required probability = P(E|F)

_P(ENF) 4 1
- P(F) 3 3
4

Let x and y be the number of items of M and N
produced by the three machines respectively.
Mathematical formulation of the given problem
is as follows :

Maximise, Z = 600x + 400y

subject to the constraints :

x+2y<12 .. (1)

2x+y<12 .. (ii)
5

x+=y25 ... (1ii)
p y

xy20 ..(iv)

Let us draw the graph of constraints (i) to (iv).
ABCDEA is the feasible region (shaded) as



11.

shown in the figure. Observe that the feasible
region is bounded, and coordinates of the
corner points A, B, C, D and E are (5, 0), (6, 0),
(4, 4), (0, 6) and (0, 4) respectively.

2x+y=12

Let us evaluate Z = 600x + 400y at these corner
points.

Corner Point | Z = 600x + 400y |

A(5,0) 3000
B(6,0) 3600
C(4, 4) 4000 —(Maximum)
D(0, 6) 2400
E(0, 4) 1600

We clearly see that the point (4, 4) is giving the
maximum value of Z. Hence, the manufacturer
has to produce 4 units of each item to get the
maximum profit of ¥ 4000.

Let A, B, C and D be the events that the
doctor come by train, bus, scooter and taxi
respectively.

1 1 3
P(A)=—, P(B)=—, P(C)=— and
(A) = (B) = (&) g

2
P(D)= g

Let E be the event that doctor comes late.

Thus, P{E|A]:l, P(E| B}:l,
4 3

P(E|C}=% and P{E|D}=ﬂ

.. Probability that doctor comes late by bus,
P(B|E) P(B)- P(E|B)

" [P(A)-P(E| A)+ P(B)-P(E| B)
+P(C)-P(E|C)+ P(D) -P(E| D)}

(1 1’] (1 ]
—X— |[+] =% -
[ 5 3

1

= 15 :E
3+8+3 7
120

12. Let X denote the number of successes in two
tosses of a dice, then X can take values 0, 1, 2.
Now, let S; = Getting a success in i toss and ,
F; = Getting a failure in " toss.

2 1
ThEﬂ, P{Sl}:_:_

6 3

1

Also, P(§,)= i

P(ﬁ)=P(Pz}=§

Now, P(X = 0) = Probability of getting no success

in two tosses of a dice.

2.2 .0
— P(X—ﬂ)—P(Fl)}{P(FE)—g}{E—g

P(X = 1) = Probability of getting one success in
two tosses of a dice.
P(X=1) =P(8;) - P(F,) + P(Fy)} - P(8,)

(1 2) (2 1) 4
=|=X—= T —X—|F—
3 3 3 3/ 9

P(X = 2) = Probability of getting two successes
in two tosses of a dice.

= P(X:Z]:P(Sl)-P(SZ}:gx_:

Thus, the probability distribution of X is given
i _
X T

P(X)

O | | ©

4

5 =
Now,

Mean=p = ZP:'I;'

:({JKE]-F(].KE]-F(ZKl]:E:E
2 9 2. 8 3

and Variance, 62 = zpf 12 —(z p;x; )2

(IO
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13. Let the number of rice bags be x and the
number of wheat bags be y.
Maximise Z = 11x + 9y
subject to the constraints,
180x + 120y < 1500

x +y<10 <a: A1)

x,y=0 .. (iii)
Now, plotting the graph of (i), (ii) and (iii), we
get the required feasible region (shaded) as
shown below. Also, feasible region is bounded.

.. (i)

L

rz; y .:'l:+l}": 1{]
HL?G | 180x + 120y = 1500

=3 4

We have corner points as

2
A(?S,{]}B{E, 5) and C(0,10)
Corner Points Z=11x+9y

2
NED
3

2
(1]H§]+{9>{D)=91.6T

B(5, 5) (11 x5) + (9% 5) =100
(Maximum)
' C(0, 10) (11 % 0) + (9 x 10) = 90

Therefore, Z,,,, =T 100
. Number of rice bags = 5 and
number of wheat bags =5

14. Firstofall, let us graph the feasible region of the
system of inequalities (ii) to (v). The feasible
region (shaded) is shown in the figure. Observe
that the feasible region is unbounded.

Let us evaluate Z at the corner points.

Corner Point | Z=-50x + 20y
A(0, 5) 100 |
B(0, 3) 60
C(1, 0) =50
D(6, 0) -300 j{—[Minimum]
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15.

3x+y=3

From this table, we find that - 300 is the smallest
value of Z at the corner point D(6, 0). As we
know, if the region would have been bounded,
then smallest value of Z is the minimum value
of Z. But here we see that the feasible region is
unbounded. Therefore, -300 may or may not
be the minimum value of Z. To decide this, we
graph the inequality,

—50x + 20y < - 300i.e, - 5x+ 2y <- 30
Since, open half plane has points in common
with feasible region. Therefore, -300 will not
be the minimum value of Z.

Therefore, Z = — 50x + 20y has no minimum
value subject to the given constraints

Let E be the event that A reports that five
occurs in the throwing of the dice and let §; be

the event that five occurs and S, be the event
that five does not occur. Then

1
P(S,) = Probability that five occurs = P
J
5
P(S,) = Probability that five does not occur = =
P(E|S;) = Probability that the man speaks the
8 4
truth= —=—
H 5
P(E|S,) = Probability that the man does not
4 1
speaks the truth = 1- = = =
Thus, by Bayes’ theorem, we get
S )-PE)S
P(S, | E)= RO it [S1) ?
P(S,)-P(E|S))+P(S,)-P(E|S,)
] > 4
_ 6. 5 _ 4 4
1 4.5 1 445 9
6 5 6 5 B
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rchives 10 Best Problems

M

Math Archives, as the title itself suggests, is a collection of various challenging problems related to the topics of IIT-JEE Syllabus.
This section is basically aimed at providing an extra insight and knowledge to the candidates preparing for IIT-JEE. In every issue

of MT, challenging problems are offered with detailed solution. The readers’ comments and suggestions regarding the problems
and solutions offered are always welcome.

1. The line with direction cosines proportional

16 17
to 2, 1, 2 meets each of thelinesx =y + 1=z (a) Aln: (b) 142
andx + 1 = 2y = 2z. The coordinates of 17! ) 18:
each of the points of intersection are given by © 16!-2" ) 151—2°
(a) (3,3,3), (1, 1,1) (b) (3,2,3),(1, 1, 1) 16! 15!

() 3,2,3), (1, 1,2) (d) (2,3,3), (2, L, 1) 7. 'There are n locks and n matching keys. If all the

2. Total number of common tangents nyz = 4dax locks and keys are to be perfectly matched, then
and xy = s equal to maximum number of trials is equal to
(a) 1 (b) 2 0 (b) "'C,
3 d) 4
(c) (d) oy ey (d) none of these

3. Let f: R — R be a function defined by

fix) = [x]* + [x + 1] - 3 {where [] denotes 8. Maximum length of the chord of the ellipse

: : ; 2 2
greatest integer function}, then f(x) is X +2_—1 such that eccentric angles of its
(a) many-one into  (b) many-one onto a* b
(c) one-one into  (d) one-one onto extremities differ by g (a>b)is
4. If2°" - an - B is divisible by 49, then (a, B) is,
. P ! (@ D) (2) a2 (b) by2
(a) (=7.=1) (b) (7, 1) (c) abv2 (d) none of these
(c) (49, 1) (d) (49, 7) 9. The number of ordered pairs (m, n) (m, n € {1,
5. The length of projection of the line segment 2, ..., 20}) such that 3" + 7" is a multiple of 10,
joining the points (1, -1, 0) and (-1, 0, 1) to the is
plane 2x + y + 6z = 1 is equal to (a) 100 (b) 200
> e (c)id) a4l (d) none of these
< = S :
() 11 units (b) 1/3 units 10. If the length of the tangent drawn from a
variable point to one given circle is k(# 1) times
(c) 137 onpe (d) 155 o the length of the tangent from it to another
41 41 circle, then the locus of the variable point is
15 o a/an
r :
B - -7 s equal to (a) ellipse (b) parabola
=1 (r+2)! (c) circle (d) hyperbola

By : Prof. Sh}ram Bhushan, Director, Narayana IIT Academy, Jamshedpur. Mob. : 09334870021
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SOLUTIONS

1. (b):The firstlinex =y + 1 =2z = gives
general point as (U, W - 1, w). Second line
x + 1 =2y =2z = A gives general point as
(A=1, A/2, A/2). The ratios of direction
ratios of line joining points of intersection
to direction cosines proportional to 2, 1, 2

dare same.
_Ah A
. u-l+1:” 2:” 2
2 1 2
A

— H“.}'--I‘IZZM-"Z"—}V:M"—E

Solving, we get L = 3, A = 2
. Coordinates of point of intersection are
(35 2: 3):01:1: 1)

2. (a) : Any tangent to xy = ¢ is £+yf =
. X 1 2c ¢
ie y=——+—
Y 2

a
Comparing it with y=mx+—, we get
m

z 1 at
lsz _ at _ e
1 -1 2cm = 2c
at -1 T
= —=— = t=-=|=
2c IE a

So, there is only one common tangent.

3. (a):flx) = [x]* + [x] -
= ([x] + 2)([x] - 1)

Now, f(x) = 0 for x € [1, 2) and x € [-2, -1)
So f(x) is many-one. As f(x) will take only
integral values, so it is into.

4, (b):8"-on-B=1+7)"-on-p

=1+ + "GP+ "GP + .+ "C T —an-B

=(1-P)+(7-0)n +49("C, + "C37 + ...)
If 8" — an - P is divisible by 49, then
1-p=0,7-0=0

= =l o=7.
A=(1,-1,0),B=(-1,0,1)

Direction ratios of segment AB are

(2, -1, -1).

If 6 be the acute angle between segment AB

and normal to plane

(2x2)-(1x1)-(1x6)| 3

Ji+1+36Ja+141  +J246

f:ﬂ

cosB =
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. Length of projection

= ABsinB = «JE,’]—— 1|| umts
246 41

- {jrz) (r;i;u
57 5741 Sr+] N
:(r+l}I_(r+2)!2_[{r+2)!_(r+1}1]
= (V.- Vo)

o (r+2)! 171 2] 17!

7. (c) : For the first key, maximum number of
trials needed is n. For second key, it will be
(n-1).

In general, for rh key, maximum number of

trials needed is (n - r + 1).

Thus total number of trials needed

=n+n-10+n-2)+....+1= R

__n+l
— (jg :

8. (a) : Let the extremities of the chord be
P, = (a cosB, b sinB) and P, = (-a sinB, b cos0)

Now, (P,P,)* =a*(cos0+sin8)* +b*(sin® — cos6)’

= (PP,)* =a® +b* +(a’ —b*)sin20
<a® +b*+a% —b?

= (PP,)* <24’ = PP, <aV2

9. (a) : The last digit of any power of 3 can be
3,9, 7, 1. Similarly last digit of any power of
7Zcan be 7.9, 3, 1.

— Total number of ways = (5 x 5) + (5 x 5) +

(5% 5)+ {5 x5)=100.
10. (c) : S, =k4/S,
= § =k*S,
So locus is x* + y* + 2g1x + 2fiy + ¢
= K + y* + 2g,% + 2y + ¢3)
= (x*+ ¥ - k%) + 2x(g; - k°gy)
Vol T o0 B R

which is a circle.
HE



mock Test PAPER 2(Q15
J E E Main & Advanced o ies.7

Co-ordinate Geometry of Two Dimensions : Definition of conic section, Directrix, Focus and Eccentricity, classification based
on eccentricity.
Co-ordinate Geometry of Three Dimensions : Direction cosines and direction ratios, distance between two points and section
formula, equation of a straight line, equation of a plane, distance of a point from a plane.

Application of Calculus : Tangents and normals, conditions of tangency. Determination of monotonicity, maxima and minima.
Vectors : Addition of vectors, scalar multiplication, dot and cross products, scalar triple product.

PAPER-I

Single Correct Option
This section contains 10 multiple choice questions.
Each question has 4 choices, out of which ONLY ONE
IS correct.
1. If f is an increasing function and g is a
decreasing function such that g(f(x)) exist, then
(a) g(f(x)) is an increasing function.
(b) g(f(x)) is a decreasing function.
(c) nothing can be said.
(d) g(f(x)) is a constant function.

2. The number of tangents to the curve x*/> + y?/3
= a*”® which are equally inclined to the axes, is

(a) 4 (b) 3 e) 2 (d) 1

3. 'The equation of one of the tangents to the curve
y = cos(x + y), the normal at which is parallel to the
line2x-y=0in-2n<x<2mis

(a) x+2y=1 (b) x+2y=g
T T
=i +2y=—
(c) x+2y : (d) x+2y 3

4. In (0, 2m), the expression sinf + cos*0 has
(a) one point of maximum and one point of

minimum.

the highest value = 2 .

4
only one point of maximum.

neither a point of maximum nor a point of
minimum.

(b)

(c)
(d)

5. Aparticle moves in a straight line with a velocity

given by j—x = x +1 (xis the distance travelled). The
t

time taken by a particle to travel a distance of 99
meters is

(a) log,.e
(c) 2log,,e

(b) 2log,10
(d) 1/2 log,.e

6. For all x in [0, 1], let the second derivative
f“(x) of a function exist and satisfy |[f“(x)| < 1. If
f(0) = f(1), then in (0, 1)

(a) |fix)|>1 (b) |fix)] <1

c) x| =1 (d) |f'(x)] <1

7. flx) = -1 + kx + k neither touches nor cuts the
curve f(x) = In x, then minimum value of k €

(1 L}
(a) el
(1 )
_}E
(e
8. If fi=d—b,v=d+band|d|=|b|=2, then
@) 2{16-(a-b)
() Jlﬁ—(ﬁ+5)2

(b) (e, %)

(d) none of these

(c)

(b) 2y4—(@-b)?
@) \4-(@b)

9. A straight line F=d+Ab meets the plane
r-n=0 at P. The position vector of P is

By : Sankar Ghosh, HOD(Math), Takshyashila. Mob : 09831244397
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(5.5
(a) d+|= "]E;-

(c) a-

E—(f‘”)ﬁ
b-ii

(d) none of these

(b)

x=2 y+1 2-1

10. The point at which theline

3 4 12
meets the plane x - 2y + z=20 is
(a) (7, -8,26) (b) (8,7,26)
(c) (7,8, 26) (d) none of these

Multiple Correct Option

This section contains 5 multiple choice questions. Each
question has 4 choices, out of which ONE or MORE is/
are correct.

11. Let ﬁ=2?—f+£,g=?+2;—£ and
C= ?+;—2£ be three vectors. A vector in the
plane of band¢ whose projection on @ is of

, 2 .
magnitude J; is

(a) 271+3]-3k
(c) —2?—?+5E

(b) 27+3]+3k
(d) 21+]+5k

12. Let dand b are two non-collinear unit vectors.
If i=d—(d-b)band v=d xb, then|V|is

(a) |u] (b) |u|+|ti-a
(c) i|+|a-b] (d) |a|+i-(@+b)
13. The lines
x=4 =3 b6-z2 x=3 y—4 z-7
= = and = =
1 1 k k 2 1
are coplanar if k equals,
(a) Oor-3 (b) -1or -3
(¢) 20r-3 (d) -3 or -2
14. Theplane7x-2y+z+21=0

(a) contains the point (-1, 7, 0).
r-td A=y Z+]

(b) contains the line = )
1 - =3
(c) is perpendicular to the line s . )
(d) is parallel to the plane 7x - 2;;,* +_:ar2+ 512 0.
15. The tangent PT and normal PN to the parabola

y?> = 4ax at a point P on it meet its axis at points
T and N, respectively. The locus of the centroid of
A PTN is a parabola whose
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. [ 2a
(a) vertexis (?.D) (b) directrixisx =10

. 2a
(c) latus rectum 15?

SECTION-II

Assertion and Reason Type

In each of the following questions two statements are
given. Statement-1 (Assertion) and Statement-2 (Reason).
Examine the statements carefully and answer the
questions according to the instructions given below.

(@) If both Statement-1 and Statement-2 are correct
and Statement-2 is the proper explanation of
Statement-1.

(b) If both Statement-1 and Statement-2 are correct
and Statement-2 is not the proper explanation of
Statement-1.

(c) If Statement-1 is correct and Statement-2 is wrong.

(d) If Statement-1 is wrong and Statement-2 is correct.

(d) focus is (a, 0)

16. Statement-1 : If 3 =?+?+i is wvertical,
the line of greatest slope on a plane with normal
5=2?—f+ﬁ is along ?—4}+2i.

Statement-2 : If a is vertical, then the line of
greatest slope on a plane with normal b is along
(@ x 5} x b.

17. Statement-1 : If Rolle's theorem is applicable
for function f(x), then f(x) is many-one function.

Statement-2 : L.M.V. theorem is applicable for f(x),
then f(x) is one-one.

18. Statement-1 : If f{x) = (x - 5)°, fix) has neither
maximum nor minimum at x = 5.
Statement-2 : f'(x) = 0, f"(x) = 0 when x = 5.

19. Statement-1 : A tangent parallel to x-axis can
be drawn for f(x) = (x - 2)(x - 3)(x - 4)Vx € [2, 4].
Statement-2 : A horizontal tangent can be drawn
in case of Rolle's theorem.

20. Statement-1 : Angle between the planes
2x-y+z=6andx+y+2z=7is 90°
Statement-2 : Angle between the two planes is
same as the angle between their normals i.e., if O
is the angle between the normals 7, and #,, then
HI'HE

cosf=——.
|7y || |



SECTION-IV

Integer Answer Type

This section contains 5 questions. The answer
to each of the questions is a single-digit integer,
ranging from O to 9. The appropriate bubbles
below the respective question numbers in the
ORS have to be darkened. For example, if the
correct answers to question numbers X, Y, Z
and W (say) are 6, 0,9 and 2, respectively, then
the cormrect darkening of bubbles will look like
as given,

RGP0

PEPRORER -

:

21. Let P(x) be a polynomial of degree 4 having

extremumat x=1, 2and lim (] + i?): 2. Then

the value of P(2) is 20 X

22. The maximum value of the function
flx) = 2x* - 15x* + 36x - 48 on the set
A= {x|x*+ 20 < 9x} is

23. If the distance between the plane Ax -2y + z=4d
and the plane containing the lines

x—l_y—E_E—S I—Z_y—3_2—4

dll

2 £ + 3 1 <7
is \/6 , then |d| is

24. If dandb are two vectors in space given by

I-97 = 314093k
and b =

V14

J5
(2d+b)-[(@xb)x(d@—2b)] is

25. 'The line 2x + y = 1 is tangent to the hyperbola
2 2

Fond gy If this line passes through the point of

at b
intersection of the nearest directrix and the x-axis,
then the eccentricity of the hyperbola is

, then the value of

a=

PAPER-II

Single Correct Option

This section contains 10 multiple choice questions.
Each question has 4 choices, out of which ONLY ONE
Is correct.

1.  Which of the following function satisfies the
conditions of the Rolle's theorem on the interval

-1, 1]?
(a) flx) = |x|[x] (b) flx) = [x] + [-«]
(c) f(x)zsmxfﬂrxi[], f(0)=0

X

(d) fix) = |x] - |sinx|
2. The direction cosine of a line which are
connected by the relation [ - 5m + 3n = 0 and

72 + 5m® - 3n* =0 are
—1 T B (=2 1 =]
o (Z%%) © (E#%F)
© {jl’ 23 J (@ 1 2 3 }
Ja V14 14 (V4 V14 V14
3. IfOA=i+3j—2kandOB=37+j-2F, then
OC which bisects the angle AOB is gilren by

(@) 1-j-k b) i+j+k
(c) —?—I—;—E‘ (d) ?—I—?—fc

4. The distance of the point (3, 0, 5) from the line
X=-2y+22-4=0=x+3z-111s
(a) 1 (b) 2 (c) 3 (d) 4
5. 'The shortest distance between the lines
r :5(2?+3f+ 4£}—{?+}+f:}

M M M Fal
andr =t(3i+4j+5k)—1iis

1 1 ) 1
(a) 5 (b) " (c) \/; (d) 76

6. Letf(x),apolynomial of degree 3 has maximum
at x=-1.If f(x) has minimum at x = 1, then f{x) has
minimum at x =

(a) 0 (b) 1 (c) 2 (d) 3

7. 'The slope of the straight line which is both
tangent and normal to the curve 4x> = 27y? is

@+ 0t © ié @ +2
8. Let g(x}:zf[g}rfﬂ—x} and f“(x) < 0
¥V x € (0, 2). Then g(x)

(a) increases in (0, 1) and decreases in (1, 2
(b) decreases in (0, 1) and increases in (1, 2)
/
4
2

4
(¢) increasesin (ﬂ, — )and decreasesin | —, 2 |.
3 3
4 4 -
(d) decreasesin ({J, 5 ]and increases in 5, 21
\ )
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9. The three sides of a trapezium are each equal to
2. The maximum area of the trapezium is

@) 5/3 () 443 (© 3v3 (d) 23

10. A ray of light emancipating from the point

source P(1, -3, 2) and travelling parallel to the line
x—2 y z+ 1
1 =E=Tmmc1dentﬂntheplanex+y—33=[}

at the point Q. After reflecting from the plane the
ray travels along the line QR. It is also known that
the incident ray, reflected ray and the normal to
the plane at the point of incidence are in the same
plane. The point Q is

(a) (3,15,6) (b) (3,6,3)
(c) (-3, -6,-3) (d) (-3, -15, -6)
Multiple Correct Option

This section contains 5 multiple choice questions. Each
question has 4 choices, out of which ONE or MORE
is/are correct.

11. A rectangular sheet of fixed perimeter with
sides having their lengths in the ratio 8 : 15 is
converted into an open rectangular box by folding
after removing squares of equal area from all four
corners. If the total area of the removed squares is
100, the resulting box has maximum volume. The

lengths of the sides of the rectangular sheet are
(a) 24 (b) 32 (c) 45 (d) 60

12. The circle x* + y* = 1 cuts the x-axis at Pand Q.
Another circle with centre at Q and variable radius
r, intersects the first circle at R above the x-axis and
the line segment PQ at S.

2—1% ryfd—r?
Coordinate of R is = :

2

1 rq{'é o
Area of AQRS = Er 3

2

(a)

(b)

22

AQRS is maximum, whenr = T

443

Maximum area of AQRS = g 0

(c)
(d)

13. f(x) is a cubic polynomial with f{2) = 18 and
fl1) = -1. Also, f(x) has local maxima at x = - 1 and
f'(x) has local minima at x = 0, then
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(a) the distance between (-1, 2) and (a, fla)) where
x = a is the point of local minima is 245.

(b) f(x) is increasing for IE[LE\/E].

(c) flx) has local minima at x = 1.
(d) the value of f(0) = 5.

14. Let y = f(x) be the equation of a parabola which
is touched by the line y = x at the point where x = 1.
Then

(a) £(0)=r(1) (b) £(1)=1
(c) f(0) + F(0) + f/(0) = 1

2f(0) = 1 - f(0)

15. Let fix) = (x-1)*(x-2)", n € N. Then f(x) has
a) a maximum at x = 1, if n is odd.

b) a maximum at x = 1, if n is even.

a minimum at x = 2, if »n is even.

d) a maximum at x = 2, if # is odd.

SECTION-III

Linked Comprehension Type

This section contains 4 paragraphs. Based upon each
paragraph, 2 multiple choice questions have to be
answered. Each question has 4 choices, out of which
ONE or MORE is/are correct.

Paragraph for Question 16 and 17
Let L, be the line 2x-2y+3z-2=0=x-y+z+1and
L,bethelinex+2y-z-3=3x-y+2z-1=0.

16. The distance of the origin from the plane
through L, and L, is
1

1 .3 o B,
(a) (b) b (c) ) (d) T

V2
17. L, and L, meet at a point P whose distance
from the origin is

(@) 33 ®) V22 (© V25 (@) 2ym

Paragraph for Question 18 and 19
Let f: [0, 1] — R (the set of real numbers)

be a function. Suppose the function f is twice
differentiable, f(0) = f(1) = 0 and satisfies

f(x) - 2f"(x) + fix) 2 €5, x € [0, 1].
18. Which of the following is true for 0 < x < 1?

(a) 0<flx) <o (b) —%{f(x){%

(© —tex<l (d) -0 < f(x) <0

4



19. If the function e™*f(x) assumes its minimum in

the interval [0, 1] at x= ii which of the following

is true?

(a) f’{x}:f{x},i{x{%

(b) f’{x}}f{x),ﬂf-:x{:i

(C) f}{x}{f(l'),ﬂ{xqi

(d) f(x)<f(x), z-::xf;l

Paragraph for Question 20 and 21
Perpendiculars AP, AQ and AR are drawn to
x, y and z-axes, respectively, from the point
A(l, -1, 2).

20. The A.M. of AP?, AQ? and AR? is
(a) 4 (b) 5 (c) 3

21. The equation of the plane PQR is
(a) 2x+2y-2z=12 (b) 2x -2y +z=2
(c) 2x-y+2z=2 (d) x-2y+2z=2

(d) 2

Paragraph for Question 22 and 23
Let d,b,¢ be three non-coplanar vectors where

0=bx¢, B=¢xdand y=a xb.
22. (GAXP)-§=
@) [@bé] (b) [@bel (¢) [abel* (d) o

Matrix Match Type
This section contains 2 questions.
Each question contains statements
given in two columns, which have

to be matched. The statements in
Column-I are labelled as A, B, C 44940,

and D, while the statements in ®O0O
Column-II are labelled as p, q, r and s. Any given
statement in Column-I can have correct matching
with ONE OR MORE statement(s) in Column-II. The
appropriate bubbles corresponding to the answers to
these questions have to be darkened as illustrated in
the following example. If the correct matches are A-p
and s ; B-q and r; C-p and gq; and D-s, then the correct
darkening of bubbles will look like the above.

Pqr s
@O0
OICOJO)

N W

24. Match the following:

Column I

:Cnlumn 11

.{A) Volume of parallelopiped (p) 100

(B)

Q)

(D)

determined by vectors a,b¢
is 2. Then, the volume of the
parallelopiped determined by
vectors 2(@xb),3(b xc) and
(¢ xa) is

Volume of parallelopiped
determined by the vectors
,b and ¢ is 5. Then, the
volume of the parallelopiped
determined by vectors

3a+b),(b+¢)and 2(¢ +a) is
Area of the triangle with adjacent
sides determined by vectors 4 and b
is 20. Then, the area of the triangle
with adjacent sides determined by
vectors (2d +3b)and (@—b) is
Area of the parallelogram with
adjacent sides determined by the
vectors dandb is 30. Then, the
area of the parallelogram with
adjacent sides determined by
vectors (4+b) and @ is

25. Match the following:

Column I

(q) 30

(r) | 24

(s) | 60

Column 11

:{A) The plane containing the (p) x-5y+3z=0

(B)

(C)

(D)

points (1,1, 2) (12,71 %
(2::1:1) and £1,—1,4) is

The plane through origin (q) 9x - 3y - z

and containing the line

Xowml: Yol Ze3
= = 18
> 4 5

The plane containing (r)
the line
r=3i+5k+s(i+2j+3k)

is at right angle to the plane
2x+7y-3z=01is

-22=0

Fo(i+j+k)=4

The plane containing the (s) | 4x + 5y - 3z

point (3, -4, 5) and the
line of intersection of the
planes 2x -3y +z-11=0
and x+4y-2z+6=0is

+23=0
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SOLUTIONS
PAPER-I

1. (b): Since f(x) is an increasing function,
Therefore f'(x) > 0 and g(x) is a decreasing function
g (x) <0

Now g(f(x))" = g" (f(x))-f "(x) <0

. g(f(x)) is a decreasing function.

2. (a):Given that, g
B

the tangent is equally
inclined to the axes.
It must be either AB

or B’A as shown in the

figure. %
Slope of the tangents are is + 1, i.e., j_y =41,
X
Now, the given curve is x*/3 + y*3 = g?/3
2 %x_”} +§y_”3 j—i:[}

[1'}-’ I—l.:"S

y 1/3
dx };_”3:_[;} - _(

— L =

==

1/3
e
mf

There are four points of contact, one each in 4
quadrants.

= yp=tx=1——

3. (b):We have, y = cos(x + y)

dy ( dy ]
= ===l 4=
dx Y dx
The normal is parallel to 2x - y =0

= The tangent is parallel to x + 2y =0

@y__1
dx 2
So, —sin(x+ }[l—l]——lz:w 1sinl[;'a:+ )=
o g 2 "2 <
= sin(x+y)=1= cos{x+ y)=0
T 3
= x+y=— or ——
2 2

3
The point of contact is [g ,0 )GI‘ (—?H , {l).

T ; : T
At [E D), the equation of tangent is x+2y = E

82 MATHEMATICS TODAY | JAMUARY "15

4, (b):sin0® + cos?0 = sind + 1 - sin20
=1 - (sin®0 - sinB)

2 2
= 1—{{5in9)2 —25i119~1+(1) —(1) }
2 2 2

2 2
=1—(5inﬁ—1) +l =E—(sinﬂ—l)
2 4 4 2

Thus, the given expression sinf + cos®0 will be

2
maximum when (Sit’l Q- l) =

2
1
5. Sl o=t
2 6 6
1 5 5T
Also sinB=— =sin(ﬂ:— E)=Sin_ﬂ: ==
2 6 6 6
Thus the given function has two points of maximum,
namely 6= ' and E_E
6 6
dx

5. (b): We have, = =x+1 = log, (x+1)=t+c

Puttingt=0,x=0,wegetc=10
t=log (x+1)=t=log,100
= t=2log 10
6 [@:0)=A1) = fa)=0,0<cx1
) (by Rolle's theorem)
R
Let x be any point in (0, 1) other than c.
By Lagrange's theorem,

[Putting x = 99]

fx)-fe)=(x-0) [f(c)]

= |f(x)]=|x-¢|[f"(c)] <1 . |x-¢|<1and

= [fX)]<1|f"(c)| =1

7. (a):We have, f(x) =kx + k-1 ..(1)

Clearly the above line always passes through (-1, -1).
Maximum slope can go upto e. For minimum slope
this line should touch y = In x

For minimum slope, Y

dx x k ——lnk}
el )
“|-.In—)ie,|—,—Ink L0 >
[t )i ) S22
is the point of tangency.
—Ink+1
1

+1
k

=k =>-lnk+1=1+k=-lnk=k




Let flk) = k +In k

I

l‘:»'[2'

. 1 1
So, one root must lie between —and —.

e e

8. (a):Given,ii=d—b,v=d+band |d|=|b|=2
(

(@xa)+(@xb)—(bxa)—(bxb)

= Gxv=2(Gxb)[+ axda=0anddxb=—bxd]
|

ix ¥ |=2|d||b|sin®, (where 0 is the angle

between aand b )

. md
=Ssin9=8\!l—cnsz 5 =8J1*Jl%}

=2\/15—(ﬁ+5)2

9. (c) : The straight line F=d+Ab meets the

=

plane 7-#=0 at P for which A is given by

(G+AD)-7i=0 = G-I+ Ab-7i=0

=

a-
— ?L=—_.—M

b-n

. L . . 4-#-
Thus, the position vector of Pis ¥ =a _E_"b
‘1
x=2 +1 z-2
10. (b) : Any point on the line 2
3 1 12

is (3r+2,4r -1, 12r + 2).
Since the point lies in the plane x - 2y + z = 20

(3r+2)-2(4r-1)+12r+2=20
= 7r=-6+20=14 .. r=2
Hence, the required point is (8, 7, 26)

11. (a, c): Let 7 be a vector in the plane of b and

c.
F:{?+2f—£)+l(?+}—2ﬂ)
=(1+A)i+2+N)j-a+20)k

. a-F

Now, the projection of 7 ond = |T|
e

()T +Q2 ) - A+ 20k} - 27— j+k)

\/2‘"’l 54 17

_ 204+ 1) -2+ 1) =(1+2)0) - (A+1)

J6

J6

A+ _ 2 _(?‘~+1}:i_

Now, - + V2
e A V2.3 43

= —(A+1)=42 = A=1,-3
F=27+37-3kand-27-j+5k

12. (a, ¢) : Let O be the angle between the unit
vectors d and b.
Since d and b are non-collinear, therefore 0 # 0, and

E}im‘vfehave_
da-b=|al||b|cosB=cosb
Now, |i|* =|d—(@-b)b[* =|a—cos0b [
=|d] +cos®0|b[F —2cosB(@-b)
=1+ cos%0 - 2 cos?0 = 1 - cos?0
— |@[* =sin” 6 sagl)
Alsn,|17|2=|ﬁ}¢:§|2=|ﬁ|2|§|lsin29
— |#] =sin’0 ...(ii)
From (i) and (ii), we have
7P =laf or |7|=|al

Also #i-d=(d—(d-b)b)-a

i-d—(@G-b)b-a

= ‘ﬁvﬁ'|=|ﬁ|‘?‘—cnszﬁzl—mszﬁ:sinzﬁ
< |i|+|i-d|=sin®+sin” 0|V |
Now, ii-b=(G—(d-b)b)-b

=d-b b-b b

—(@-b)(b-b) =G-b—(a-b)=0
|

13. (a) : The two straight lines
x—4_yﬁ3_ﬁ—z I~3_y*4_z*T

dnl

1 1 k k 2 1
are said to be coplanar, if

-3-(4) —4-(-3) -7-(-6)
1 1 —k =0
k 2 1
1 -1 -1
= |1 1 =k|=0
kK 2 1

= 1(1+2k)+1(1+kH)-102-k=0
= k*+3k=0 =kk+3)=0= k=0,-3
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14. (a,b,c,d): Thegivenplaneis 7x -2y +z+21=0
Now7(-1)-2(7)+0+21=0

The plane contains the point (-1, 7, 0)
Now the plane 7x — 2y + z + 21 = 0 will contain the

x+2 33— i ol
straight line = b =
1 -2 -3
When the normal to the plane is perpendicular to the
straight line

7(1)-2(2) + 1(-3) =0
Thus the plane contains the straight line.

Also, the plane 7x - 2y + z + 21 = 0 will be
/

perpendicular to the straight line ?z%z;,

when the direction ratios of the normal to the plane

are same as that of the straight line. In this case, it

1§ true.

Clearly, the plane 7x - 2y + z + 21 = 0 and

7x-2y+z+ 5=0are parallel.

15. (a,d)
]k
16. (d): Gxb=[1 1 1|=27+7-3k
R
Pk

—3|=-27-87-4k

which is along, 7 + 4 f+ 2k.

17. (c) : The Rolle's theorem is applicable in [c, B]
if flor) = f(P) =
=> For two different values of x, the value of f(x) is
same, so f(x) is many-one function.

Statement-1 is true.

Again for L.M.V theorem

f(c)= ﬂ“;:é{m v ce(aB)

and f(c) 20 = flo) #f(P)

= flx)is 1 - 1 function. If flo)

theorem is special case of LM.V.
Statement-2 is false.

18. (b): flx) = (x - 5)° = f'(x) =3 (x - 5)

f ‘(x) = 0 for maximum or minimum = x=25
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= f(P), then Rolle's

f{x) =6{x-5)and f"(x) =
s f(5)=0but f7(5)#0
= f(x) has neither maximum nor minimum value
at x = 3.
19. (b) : We have, f(x) = (x - 2)(x - 3)(x — 4)
= x% - 9x% + 26x - 24

= f'(x) =3x*-18x + 26
Put f'(x) = 0 for tangent parallel to x-axis
= 3x*-18x+26=0

_|,_
o ‘j_ i—:‘r:‘:i3+ii4
3 3 3

— Statement-1 & Statement-2 both are -.:Drrect as
f2) =f(4) =0and f'(c) = 0 gives c—3_— €(2,4),

NG

but these conditions are not given in Statement-2.

20. (d): Let 0 be the angle between the normals

— X=

i, =2i—j+kandfi, =1+ j+2k
2+ (=DM +12) 1

|ﬁ1||ﬁz|_ J6 -6 2

CRLL)

cosB=

= 0=60°
21. (0):Let P(x) =ax* + bx> + cx* +dx + ¢

P(x)=4ax’ + 3bx* + 2cx + d
P} =0 P{2)=0
3
Now, lim (1+MJ 2= lim ¥ P —
x—0 ;-._-:""'I x—) ,1:2
(2x+P’{x}]
Again lim =3
x=3() 2
Bl =0=sgd=10
(2+P”{x}}
Again lim =2
x—3() 2
PiOi=0 =% 2e=2 . . p 21
Since, P(2) - P’(2) = 0 gives a—i b=-1
x* 3D

S Px)=——x"+x
(x) p

Hence P(2) =0

22. (7 :As A = {x:x%+ 20 < 9x}
={x:x2-9x+20<0}
={x:(x-4)(x-5) <0}

We have, A = [4, 5]

Now f(x) = 2x° - 15x% + 36x - 48



= f'(x) = 6x* - 30x + 36 = 6(x* - 5x + 6)
=6(x-2)(x-3)
Thus f has no critical point in[4, 5] as f'(0) # 0 in
(4, 5) and f'(x) exists at all points.
f(4)=24°-154%+364-48=-16
f(5) =2-5° - 1552 + 36:5-48 = 7
Thus maximum value of fon [4, 5] is 7.

23. (6) : Equation of the plane containing the lines

x-1 y—2 z-3 x~2 y—3 B-4
= — and = = 1S
2 3 4 3 4 5
X1 Y=l Z=3
2 3 4 |=0 = x-2y+2z=0
3 ! 5

Comparing with Ax - 2y + z=d, we have A =1
The distance between the planes

B d _d |
\/13+22+13 Je

WJ%T%%T B

g :—2 214+ 71+4+3
Now, ii-b—( jﬁj( } —D

J5 x 14

Also, (2d +b)-[(@ x b) x (d@ — 2b)]

;a-ﬂbﬁ
“*—-';J

=(2d+b)-[(@-a)b—(a-b)d-2(0b-a)b+2(b-b)d]
=Qd+b)-[|a b+2|b} 4]
=Qd+b)-(b+2a)=0a+b) (- lal=116[=1)
=4|af +|bf =4+1=5

25. (2) : y = - 2x + 1 passes through nearest directrix

a 1
— []:—2—':I 1 = 2_.:1_12} —ei
e e [ 2

=% g=2Jn

Since y = -2x + 1 is tangent to hyperbola

1=4a?-b2 = bP=4a2-1
B2
Now, e’ ==
a’ e
= e1-52+4=0 = (2-1)(e2-4)=0
=4 = e=2

PAPER-II

h <
L. (d):(a) fix) = |x][x] = {f’&jﬂiﬁ:{;

So, f(x) is not differentiable at x = 0
0, whenxe I
0) fix) = [x] +[-x] = { ~1,whenx g I
and f(0) = 0, so f(x) is not continuous at x = 0

) lim f(x)= llm%—l and f(0)=

x—0 x=0 X
So f(x) is not continuous at x = 0

(d) fix) = x| - [sinx], fi-1) = (1)
and f{x) = X - sinfx:, O0=sx=1

—x+sinx, -1<x<0
. flx) is both continuous and differentiable at x = 0.
2. (a)
3. (d): We know that equation of bisector of vectors
ABand AC, where position vector {}fA Band C
are respectively a4, band¢ is F=a+ r(b + ).
Here A is origin, thus the required equation is

i M M s M A
i+3j—2k | |3i+j-2k

it S\ v

(=27 +2f)or F:%[4?+4;—4£)
14

Y
W

=l
Il
—h

U
'l";:

&lﬂ
i~

M A A

At t= , the second bisectoris i+ j—k

£ [&
ks

4. (c)
(d) : The shortest distance between
F=d+sb and F=c+1td is
|(¢—d)-(bxd)|

|bxd|

L

Here d=—(i+j+k),b=2i+3]+4k

—

Jl':.'l —_—
c=—1

,d=3?+4}+5i
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- AA A A A A
Now, c—a=-i+i+j+k=j+k
M A A
£ F k
T — A AA
bxd=2 3 4|=—i+2j-k
3 4 5

and |bxd|=/1+4+1=6

The required distance is
A AN A A A
0-i+j+k)-(—i+2j-k) 04+2-1 1

J6 J6 6
6. (d):Letflx) =ax’> +bx*+cx+d
Since f’(x) has minimum at x = 1
S ff(1)=0 = 6a+2b=0 = 3a+b=0
Again f(x) has maximum at x = - 1
= f(-1)=0 = 3a-2b+c=0
= 3a+6a+c=0 = 9+c=0 = ¢c=-9a
5 f(x) = 3ax® - 6ax - 9a = 3a(x* - 2x - 3)

=3a(x+1)(x-3)

. f(x) has minimum at x = 3.

7. (d):Letx=3 and y=2¢ .. d—y=t

Equation of the tangent at  is ax
y—2t3=r(x—3t2} =3 Ix—y=t3 ..(1)

The normal at t is
1

y—fo =——(x —31‘12}
b
= ty+x=2t1+3t2 safii)
(i) & (ii) are identical.

1

Therefore, we get t* =2, t=+ J2
The lines are y =+ w7 (x—2)

8. (c): g(x)zzf(§J+ J2—=x)
> g@=r(3)-re-v

Now g’(x)>0 iff’(g):} fr2-x= %-f:z-x
[ f'(x) is a decreasing function, as f”(x) < 0]

4
= 3Ix<d = x-::g

Thus, if xe (D, %), g(x) increases.
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9. (€):Here BC=CD=DA =2.

Draw CE parallel to DA. D—p—2 #
LARC =9 5 ) )

=> EB = 4cos0, 0
AB =2+ 4cosf 1 E M B

1
Area A= 5 (AB+ DC)CM

:%(2+4c059+2}25inﬂ=4{1+c-:::-59}sinﬂ

= A = 4sin0 + 2sin20

d—Az[l = 4 cosB+4cos20=0 = EJ:E
do 3

2 2
N{}w,d—?z—(il sinB + 8 sin20), d”A
do e’

<0
9=—_
3

The area is maximum at g =

s Wi 4(1 + 1)£ =34/3.

2
10. (d) : The equation of PQ is
x—l_y+3_z—2

1 3 2
Any point on PQ has coordinates (1 +r, -3 + 3r, 2 + 2r)
Since Q is a point on the plane x + y - 3z=0
14+r-3+3r-32+2r)=0 = r=-4
Q=(-3,-15,-6)

11. (a,c): The volume is given by

L

3

V =(15a - 2x)(8a - 2x)x 7

Anditis given that volume o |f*
Vismaximumatx=>5i.e.,

2x = 10. We have, = =

f 15a
V(t) = (15a - t)(8a - t}i

1
= (t> = 23at? +120a°t)

dV 1
. T =—(3t* — 46at +120a?)
dt 2
Now av =0 = 120a%-460a+300=0
dt Iy =10
= 6a’-23a+15=0 = (6a-5)(a-3)=0
5
a=3,—
2
Also, dl:l{ﬁt—dﬁu}z?:t—ﬂa
dr2 2



)
Since d—j <0
dt” l=10, a=3
Vis maximum at a = 3. Thus the sides are 24 and 45.

12. (a,b,d):

Zj/ >y
e

The equation of the given circleis x> + y* =1 ..(i)
It cuts the x-axis at P(-1, 0) and Q(1, 0)

Equation of a circle with Q(1, 0) as centre and radius
ris (x — 1)* + (y - 0)* = r%, r being the variable
ie. X +y*-2x+(1-r)=0, (0<r<2)
Solving (i) and (ii), we get

rq.ftl—rl
, y==%

2 2

sl

2—r*
X =

2
But R is above the x-axis... R ( : .
2 2 J

s
r4—r
Now SQ = r, MR = ordinate of R =

2
1 r..1||'4 _
Area Df ﬂQHS = E?"

2

2

rea4—r 5 :r4(4—r2}

4 16
dA 1 d?A 1

=—(16r° —6r°),——=
dr 16 dr? 16

= A= = A (say)

(48r% —30rh)

: i % A 8
For maximum or minimum — =) = s
3

dr
:i(48x§—3[}xﬁ){ﬂ
r:JE 16 3 9
’ 8
A is maximum and A is maximum at r = 5

it
3_4\/5

2 9

d’ A
dr?

A -

1
max. E

8
x_
3

13. (b,c):Letfix)=ax’ +bx*+cx+d

o K2)=18 8a+4b+2c+d=18 (1)
Again, f(1)=-1 a+b+c+d=-1 ..(1i)
and f(x) has local maximum at x = - 1

s f(-1)=0 = 3a-2b+c=0 ..(iii)
Moreover f'(x) has local minimum at x =0

= =0 = b=0 (1)

Solving (i), (ii), (iii) and (iv), we get
f(x]zi{lﬁ'xa —57x +34) = f[l:l):g

37
Also, f’(x):ztxl—n}n, Vx>1
Also f(x)=0 = x=1,-1
f(-1) <0, f7(1) >0 = x=-1isa point of local
maximum and x = 1 is a point of local minimum.
flx) is increasing = f'(x)20 = x*-120
= x<-lorxz2].
. Distance between (-1, 2) and (1, f(1)) i.e. (1, -1)
is \/E
14. (b,d): Let y = ax® + bx + c. As it touches y = x
atx=1 .. y=a+b+candy=1= a+b+c=1

Also, d_y =2ax+b

dx
i =2a+b=1(.from y=x, theslope=1)
dxly =
Now, flx) = ax?* + bx + ¢ = f'(x) = 2ax + b and
f(x) = 2a

s =g D) =0 (0y=2a,1 (1) =2a+b=1
Buta+b+c=1 = 2a+2b+2c=2
= 14+b+2c=2=2c=1-0

15. (a,c)

16. (€):L;:2x-2y+3z-2=0=x-y+z+1
Livxddp=g—=3=0=3x=y+ dz= ]

The above two equations in symmetric form are

: 5 5 8
x+5 z—4 B A
:zz and 7 — T: &

1 1 0 3 - -
Equation of the plane through L, and L, is
x+5 y z-4

1 1 0 [=7x-7y+8z+3=0 -.(1)

3 =D =/

The distance of plane (i) from the origin
3 1
I TTEN
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17. (a) : The general points lying on two lines L,
and L, is given by

(A—5,A,4)and (3u+;, —5u+§,—?p)
respectively, where A and W are real parameters. If

the above two straight lines intersect, then for some
A and W we must have,

A=5=3n+ ; (i), el

...(iii)

3
A==5U+—
H 7

4 = -7

4
From (iii), we get H=——

4
Putting L=— = in (ii), we get A = 4
Putting these values of A and W in (i), we get

LHS=-1, RHS= 3(—E]+ 2 =-1
b

Therefore two lines intersect each other.
Hence the point of intersection is P(-1, 4, 4)

OP =+/33
18. (d) 19.(c)
20. (a) : AQ*=1%2+2%2=5 Al
=
Similarly AP? = (-1)2+ 22 =5
2
and AR =12 + (-1)? =2 Q -
5+5+2 0
© AM.= =4 f/
3
X
21. (b): P = (1, 0, 0), Q(0, -1, 0), R(0, 0, 2)

Any plane through P is
alx-1)+bly-0)+c(z-0)=0

It passes through Q

= al0-1)+b(-1-0)+c(0-0)=0

[t passes through R

= a(0-1)+b(0-0)+c(2-0)=0
The equation of the plane PQR is

x=L ¥ =
-1 -1 0]|=0
-1 0 2

= -2(x-1)-y(-2)+
= 2x-2y+z=2

z(0-1)=0

b): (& xP)-y=a-Bx7)
= (b x?)-[(Exad)x(@xb)]
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23. (¢): [Bx¥ ¥x6 6xP]
=(Bx)-((Fx ) x (@ xp))

=BxY) (¥ xa)-P)a—((yxa)- )}
=B x7-[yaBla

=[Bya(7ap) =[apylGpT
[@py? ={labery’ =[abe)’

24, A->rnB—os,Cop,D—og
(A) Volume of a parallelopiped determined by

i | u.u

vectors E:',E,E:' is 2.

. [abc]=2

. [2(@xb)3(bx7) (€ xad)] =

(B) [db¢]=5

o [3@+b) (b+¢) 2(C+ad)]
=3(G@+b) (b +5)x2(c +4a))
=6(@+b)-(bx¢)+(bxa)+(cxc)+(cxa))

=6(d@+b)-((b x¢)+(bxd)+(C xa))

6labc)P=6x4=24

=6(G@- (b xc)+ada-(bxa)+a- (¢ xa)
+E*(ExE)+5~{§xﬁ}+E-{E}{E))
6{[abcl+[bcall=6{labc)+[abc])
x2[@bc]=12[ab¢] =12 x5 =60

(C) Since area of triangle = %|Ei xb|=20

-y - | ~
%|(2&+35}x(ﬁ—bj| =13 x@)-2(a xb)|

] . N [ Je—
=—{=3(@xb)-2(@xb) ==-5[axb]
=3 x 20 = 1{}K)
[})|ﬁx5|:3{}
|@+b)xd|=|bxad|=|-daxb| =|daxb|=30
25. A-onBop;CHoqgD—os
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PAPER-1

MULTIPLE CORRECT CHOICE TYPE

This section contains 10 multiple choice questions. Each
question has four choices (a), (b), (c) and (d) out of which
ONE or MORE may be correct.

| x-3],x 21
1. The function f(x)=9,2 35 13 is
— e g
4 2 4

(a) continuousatx=1 (b) derivableat x =1

(c) notderivableatx=1 (d) not derivable at x =3
2. 'The solutions of the quadratic equation
(3]x| - 3)* = |x| + 7, which belongs to the domain of

definition of the function y = 4/(x —4)x is/are
1 1
(a) 7 b) 2 (¢ -2 (d

9

3. Which of the following functions (is) are
injective maps?
(a) f(x)=|x+1

(b) g(x) =:x:+l ,X€ (0, )
X

(c) h(x)=x*+4x-5, x€ (0, o)
(d) k(x) =e™, x€ [0, =)

+2
u 1,thwen

(a) g(1)=3 (b) x=g(y)
(c) yincreases with x for x > 1
(d) gis a rational function of x

5. Forallxe (0,1)
(a) €<1+x
(cEsinxsx

, X E[=1, )

4, Let y=g(x)=

(b) log.(1 +x) <x
(d) log, x> x

6. A function f: R — R satisfies the equation
filx + y) = fix)fly) for all x, y €R and f(x) # 0
for any x in R. Let function be differentiable at
x=0and f'(0) = 2. Then

(a) f(x) is continuous at x = 0.

(b) f(x) is not differentiable at infinitely many points.

() flx) == (d) None of these

7. 'The function f(x) = 1 +|sin x| is

(a) continuous everywhere.

(b) not differentiable at an infinite number of points.
(c¢) differentiable nowhere.

(d) not differentiable at x = 0.

8. Let [x] denote the greatest integer less than or
equal to x. If f(x) = [x sinTx], then f(x) is

(a) continuousatx =0

(b) continuous in (-1, 0)

(¢) differentiable at x =1

(d) differentiable in (-1, 1)

9. Iff(x)=1+2sinx+ 2cos?x, 0 < x < m/2, then flx)is
(a) greatest at x = /6 (b) least at x = /6

. . T .
(c) increasing in (-:], — ) and decreasing in

)

(d) least at x =0 and x = 7/2

n n
10. If f{lx) = sin’x + A sin’x, - 5 e > then

(a) f(x) has a point of inflexion if A =0
(b) f(x) has exactly one point of maximum and
exactly one point of minimum if |A| < 3/2

By : Vidyalankar Institute, Pear] Centre, Senapati Bapat Marg, Dadar (W), Mumbai - 28. Tel.: (022) 24306367
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(c) flx) has exactly one point of maximum and
exactly one point of minimum if

(o 03]

(d) all of the above

SECTION-II

ONE INTEGER VALUE CORRECT TYPE

This section contains 10 questions. Each question,
when worked out will result in one integer from 0 to 9
(both inclusive).

; sin x
11. lim , where [-] denotes the greatest
x— X

integer function is

12. Consider the function f{x) = x —|x - x*|, -1 < x <
2. Find the number of points of non-differentiability of
flx) forxe[-1, 2]

 cos? (1— cc}sl{l —cos® (s cos” (xN)...) k
13. lim =—

sin{n[m_z]} =
| x|

3 3| |

x—0

where k =

14. The left hand limit of f(x)=

where [x] denotes the greatest integer less than or
equal to x, is

15. The derivative of tan™
bcosx+asinx

acosx—bsinx
15 at

x=—isk-5,ifk=
3

16. If fix) = |cosx - sinx]|, then f” ( JIS equal to

2

17. If fix + y) = f(x)-f(y) for all x and y and f(5) =
£7(0) = 3, then f’(5) is equal to

18. A food company produces x quality A and y
quality B items per day, where y(5 - x) = 10(4 - x),
0 <x < 4. If the profit on each quality A item is twice
the profit on quality B item, then the most profitable
number of quality A items per day to manufacture is
2—| x* +5x+6],x # 2

19. If f(x)=1 :
a*+1,x=-2

then the minimum value of |a| so that f(x) has
maxima at x = -2 is

20. From a fixed point A on the circumference
of a circle of radius r, the perpendicular AY is let
fall on the tangent at P. The maximum area of the

3J3

k

AAPY is r? fork =

PAPER-2

SINGLE CORRECT OPTION

This section contains 10 multiple choice questions. Each
question has four choices (a), (b), () and (d) for its answer,

out of which ONLY ONE is correct.
n+1

L limx -{ﬂ+1}x+ﬂ=
x—1 (5~ 1Y
(@) n(n+1) (b) ”(”;”
(c) n+1 (d) 3;
5 lim tangf_ln{1+3x) _
X*D(tandl\/_) -1
U5
(a) = (b) 1
3
(c) 'g (d) 0
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3. Value of lim cﬂs i
n—yeo 2’

(a) sinx (b) [smx)fx
(c) x/sinx (d)

. 2 r:meczx cuseczx aioc i
4, lim(cosec”x+2" +.et )sin® x

x—0
(a) n (b) n? (c) 0 (d) 1

42

5. If y =sinx, then * is equal to
dyl

(a) 35cos’x — 42cos’x (b) 35cos’x + 42cos°x

(c) 42cos3x - 35cos’x (d) -35cos’x — 42cos’x

6. If 5f(x) + 3f (1J= x + 2 and y = x f(x), then
X

dy|

o is equal to

dx x=1

(a) 14 (b) -1 (c) 1 (d) 7/8



where 0 < x<1,

LT fle)= ‘I

sin x
then in this interval

(a) both f(x) and g(x) are increasing functions
(b) both f(x) and g(x) are decreasing functions
(c) f(x)isan increasing function

(d) None of these

8. A square piece of tin of side 18 cm is to be made
into a box without top, by cutting a square from
each corner and folding up the flaps to form the
box. The maximum possible volume of the box is
given by (in cm?)

and g(x)=
tan x

(a) 420 (b) 338
(c) 432 (d) None of these
9. The function f(x)=———— has

1+ xtanx

(a) one point of minimum in the interval (0, 7/2)

(b) one point of maximum in the interval (0, 7t/2)

(c) no point of maximum, no point of minimum in the
interval (0, 71/2)

(d) two points of maxima in the interval (0, 7/2).

2
Wl f(2h+2+h7)- f(2)
h—=0 f(h—h*+1)- f(1)
and (1) =4
(a) does not exist (b) is equal to -3/2
(¢) is equal to 3/2 (d) isequalto 3

SECTION-II

PARAGRAPH TYPE

This section contains 3 paragraphs. Based upon each of
the paragraphs 3 multiple choice questions have to be
answered. Each of these questions has four choices (a),
(b), (c) and (d) out of which ONLY ONE is correct.

Paragraph for Q. No. 11 and 12
In calculus, the derivative of any function y = f(x) is

defined as Df (x) = ;{im flx +h; —f{x)
—0

Now instead, of this usual definition of derivative
Df(x), define a new kind of derivative D*f(x), which
can be calculated by the formula

fAx+h)— f2(x)

,given that f'(2) = 6

D* f(x)= I].iII"l] . ,where f(x) = (flx))".
11. If f(x)=——; then D*f(x) is
In x
Inx-1 2x(Inx—1)
b
@ (In x)* ) (Inx)

2x(lnx—1) 2x(Inx—-1)
(c) 2 3
(In x) (Inx)
12. If function g(x) = x*, then D*g(x)|,—, is
(a) 1 (b) 2¢°
(c) 2 (d) Not defined

Paragraph for Q. No. 13 and 14
Given a function ‘¢ which has a derivative ¢'(x)
for every real ‘x’ and which satisfy ¢'(0) = 2 and
glx+y) =€ g(x) + e*g(y) for all x and y.

13. The function g(x) is

(a) x(2 + xe) (b) x(e*+ 1)
(c) 2x-¢e* (d) x+In(x+1)
14. The range of the function g{,_x} is
2
(a) R ) = m)
e
1
(c) [“= ‘“"] (d) [0, =)
e

Paragraph for Q. No. 15and 16
Consider a function defined in [-2, 2] is
fx)=1{x}, -2<x<-1

= |sgn(x)|, -1=x=<1

= {-x}, 1 < x <2, where {x} denotes the
fractional part function
15. The function f(x) is continuous at
(a) x=-2 (b) x=-3/2
€] x==1 (d) All of these
16. The total number of points of discontinuity of
flx) in x € [-2, 2] are
(a) 1 (b) 3 fcl-4 (d) infinite

MATCHING LIST TYPE (ONLY ONE OPTION CORRECT)

This section contains 4 questions, each having two
matching lists. Choices for the correct combination of
elements from List-1 and List-1l are given as options (a),
(b), (c) and (d), out of which ONE is correct.

17. Match the following;

Column I

(P) Period of the function 1. m/2
flx) = [sin(cos x)| + cos(sin x)

(Q) Period of the function 2. can'tbe
fix) = [sin(4x)] + |cos 4x]|
([[] denotes the greatest
integer function)

Culumn I1

determined
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(R) If the function f: R — R 3. | 2T
be such that flx) = mx -
[mtx], where [-] denotes the
greatest function, then the
period of the function f

=)

(S) | Period of the function f{x) = 4. |7
min.{sin x, |x|}

P Q R S
@1 2 1 1
b4 1 2 3
©1 2 4 3
d1 4 2 3
8.1 L= lim ASnxzbxtedex’

x—0 2x* log(1+ x) —2x° +x*

finite, then match the following :

Column I Column II

(P) la+b 1. 0
Q) ¢ 2. 16
(R) |20L 30012
(S) |a 4. | 1.5

P Q R S
(a) 1 2 1 4
(hj 2 4 1 3
(c) 3 | 4 2
(d) 1 4 2 3
19. Match the following :

Column I Column I1

(P) ' The ratio of altitude to the 1. 1
radius of the cylinder of J2
maximum value that can be
inscribed in a given sphere is

(Q) The ratio of radius to the 2. N
altitude of the cone of the
greatest volume which can be
inscribed in a given sphere is
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(R) | The cone circumscribing of | 3. 32
sphere of radius ‘v has the 3
minimum volume if its semi
vertical angle is 0 is such that

33s5in0Q=

(S) | The greatest value of x’y* if 4. 11
2x+3y=7andx=0,y=0.

P Q R S
@1 2 1 |
(b}l =% 2 3
cj1 2 & 4
2 1 4 3
20. Match the following :
Column I Column II
(P) | Range of \j‘[sinz.r]—[cmszx] . 11,2, 3}
2 x 2 {]}
(Q) | Domain of \/"‘ SR,
| 2x°+3 |
3: 401

(R) | Range of \/lng{cns(sin x))

s) | Range of [lsinx| + |cosxl] | 4. {0,1}

P Q R S
(a) 3 1 4 2
(b) 2 1 2 3
(c) 1 2 4 3
(d) 4 1 2 3
PAPER-1
bz 1a:b.d) 2 [c.d) 3. (a,c,d)
4, (b,d) % (b) 6. (a,c)
2. la bl 8 (a, b, d) 9. (a,c,d)
10.(a, c) 1.(0) 12. (2)
13.(4) 14.(9) 15.(4) 16.(1) 17.(6)
18.(3) 19.(1) 20.(8)
PAPER-2
v kBl X e} “H(b) &Kila) Belay Wid)
7‘ (c) ﬂ (c) 9. (b) 10.(d) 11.(d) 12.(c)
13.(c) 14.(b) 15.(d) 16.(b) 17.(b) 18.(c)

19.(d) 2{}. (a)

For detailed solution to the Practice Paper,
visit our websife. www.vidyalankar.org
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